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PREFACE. 



The following book, which embodies the results of my own 
experience in teaching the Calculus at Cornell and Harvard 
Universities, is intended for a text-book, and not for an 
exhaustive treatise. 

Its peculiarities are the rigorous use of the Doctrine of 
Limits as a foundation of the subject, and as preliminary 
to the adoption of the more direct and practically convenient 
infinitesimal notation and nomenclature ; the early introduc- 
tion of a few simple formulas and methods for integrating; 
a rather elaborate treatment of the use of infinitesimals in 
pure geometry; and the attempt to excite and keep up the 
interest of the student by bringing in throughout the whole 
book, and not merely at the end, numerous applications to 
practical problems in geometry and mechanics. 

I am greatly indebted to Prof. J. M. Peirce, from whose 

lectures I have deriv,ed many suggestions, and to the works 

of Benjamin Peirce, Todhunter, Duhamel, and Bertrand, upon 

which I have drawn freel\\ 

W. E. BYERLY. 

Cambridob, October^ 1879. 
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CHAPTER I. 

INTRODUCTION. 



1. A variable quantity^ or simpl}' a variable^ is a quantity 
which, under the conditions of the problem into which it enters, 
is susceptible of an indefinite number of values. 

A constant quantity^ or simpl}^ a constant^ is a quantity which 
has a fixed value. 

For example ; in the equation of a circle 

^ + f^a\ 

X and y are variables, as they stand for the coordinates of any 
point of the circle, and so may have any values consistent with 
that fact ; that is, they maj' have an unlimited number of different 
values ; a is a constant, since it represents the radius of the 
circle, and has therefore a fixed value. Of course, any given 
number is a constant. 

2. When one quantit}'^ depends upon another for its value, so 
that a change in the second produces a change in the first, the 
first is called a function of the second. If, as is generally the 
case, the two quantities in question are so related that a change 
in either produces a change in the other, either may be regarded 
as a Unction of the other. The one of which the other is 
considered a function is called the independent variaible^ or 
simply the variable. 
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For example ; if x and y are two variables connected by the 
relation 

y = x^, 

we may regard x as the independent variable, and then y will 
be a function of a;, for any change in x produces a corresponding 
change in its square ; or we may regard y as the independent 
variable, and then x will be a function of t/, and from that point 
of view the relation would be more naturally written 

aj= ^fy. 

Again, suppose the relation is 

y = sin a?, 

we may either regard y as a function of a;, in which case we 
should naturally write the relation as above, or we ma}^ regard x 
as a function of y, and then we should more naturally express 
the same relation b}' 

x = 8in~^y, 

i.e., 05 is equal to the angle whose sine is y. 

3. Functional dependence is usuall}' indicated by the letters 

/, F, and ^. Thus we may indicate that y is a function of x 

by writing 

y = fx, ory — Fx, ory = ^x; 

and in each of these expressions the letter /, jP, or <p is not an 
algebraic quantity, but a mere symbol or abbreviation* for the 
word function^ and the equation is precisely equivalent to the 
sentence, y depends upon x for Us value ^ so that a change in the 
value of X will necessarily produce a change in the value of y . 

4. The difference between any two values of a variable is 
called an increment of the variable, since it may be regarded as 
the amount that must be added to the first value to produce the 
second. An increment is denoted by writing the letter A before 
the variable in question. Thus the difference between two val- 
ues of a variable x would be written Ax^ A being merely a sym- 
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bol for the word increment, and the expression Jx representing 
a single quantity. It is to be noted that as an increment is a 
difference, it may be either positive or negative. 

5. If a variable which changes its value according to some 
law can he made to approach some fixed, constant value cw 
nearly as we please, but can never become equal to it, the con- 
stant is called the limit of the variable under the circumstances 
in question. 

6. For example ; the limit of -, cw n increases indefinitely, is 

n 

zero ; for by making n sufficiently great we can evidently de- 
crease - at pleasure, but we can never make it absolutely zero. 

The sum of n terms of the geometrical progression 1, i, i, i, 
&c., is a variable that changes as n changes, and if n is in- 
creased at pleasure, the sum will have 2 for its limit ; for, by the 
formula for the sum of a geometrical progression, 

ar^ — a 



8 = 



1 



2* 2" 

In this case, s = - 



1-1 1 

2 2 



1 



B}' increasing n, — can be made as small as we please, but can- 
not become absolutely zero ; the numerator can then be made to 
approach the value 1 as nearly as we please, and the limit of the 
A'alue of the fraction is obviously 2. 

We say, then, that the limit of the sum of n terms of the pro- 
gi-ession 1, i^, i, i, &c., as n increases indefinitely, is 2. 

In both of these examples the variable increases towards its 
limit, but remains always less than its limit. This, however, is 
not always the case. The variable may decrease towards its 
limit remaining always greater than the limit, or in approach- 
ing its limit, it may be sometimes greater and sometimes less 
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than the limit. Take, for example, the sum of n terms of the 
progression 1, — i^, i^ — ii iVi ^^'i where the ratio is — j. 
Here the limit of the sum as n increases indefinitely .^ is f . Let 
n start with the value 1 and increase ; when 

n = l, s = l, 
and is greater than the limit f ; when 

n = 2, s = i, 
and is less than §, but is nearer § than 1 was ; when 

n = 3, s= J, 
and is greater than § ; when 

n = 4, s = ^, 

and is less than § ; and as n increases, the values of s are alter- 
natel}^ greater and less than the limit §, but each value of s is 
nearer § than the value before it. 

7. It follows immediatel}' from the definition of a limits that the 
difference between a variable and its limit is itself a variable 
which has zero for its limit y and in order to prove that a given 
constant is the limit of a particular variable, it will alwa^^s suf- 
fice to show that the difference between the two has the limit 
zero. 

For example; it is shown in elementary geometry that the 
difference between the area of any circle and the area of the 
inscribed or circumscribed regular polygon can be made as small 
as we please by increasing the number of sides of the polygon, 
and this difference evidently can never become absolutel}^ zero. 
The area of a circle is then the limit of the area of the regular 
inscribed or circumscribed pol3'gon as the number of sides of the 
polygon is indefinitel}' increased. 

It is also shown in geometry, that the difference between the 
length of the circumference of a circle and the length of the 
perimeter of the regular inscribed or circumscribed polygon can 
be decreased indefinitely by increasing at pleasure the number 
of sides of the polygon, and this difference evidently can never 
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become zero. The length of the circumference of a circle is 
then the limit of the length of the perimeter of the regular in- 
scribed or circumscribed polygon as the number of sides of the 
latter is indefinitely increased. 

8. The fundamental proposition in the theory of limits is the 
following 

Theorem. — Iftvx) variables are so related that a^ they change 
they keep always equal to each other ^ and ea/ah approaches a limits 
their limits are absoltUely equal. 

For two variables so related that they are alwa3's equal form 
but a single varying value, as at any instant of their change 
they are by h3^thesis absolutely the same. A single varjing 
value cannot be made to approach at the same time two different 
constant values as nearly as we please ; for, if it could, it could 
eventuall}- be made to assume a value between the two constants ; 
and, after that, in approaching one it would recede from the 
other. 

9. As an example of the use of this principle, let us prove 
that the area of a circle is one-half the product of the length of 
its radius by the length of its circumference. 

Circumscribe about the circle any regular polygon, and join its 
vertices with the centre of the circle, thus divid- 
ing it into a set of triangles, each having for its 
base a side of the polygon, and for its altitude 
the radius of the circle. The area of each 
triangle is one-half the product of its base by the 
radius. The sum of these areas, or the area of 
the polygon, is one-half the length of the radius 
by the sum of the lengths of the sides, that is, by the length 
of the perimeter of the potygon. If J.' is the area, and P the 
perimeter of the polygon, and R the radius of the circle, we 
have 

a relation that holds, no matter what the number of sides of 
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the polygon. A! and ^ RP evidentl}- change as we change the 
number of sides of the polygon ; they are then two variables so 
related that, as the}' change, they keep always equal to each 
other. As the number of sides of the pol3'gon is indefinitely 
increased, A has the area of the circle as its limit ; P has the 
circumference of the circle as its limit. Let A be the area and 
C the circumference of the circle ; then the 

limit A=^A^ 

and the limit ^BP^^ RC. 

By the Theorem of Limits these limits must be absolutel}' equal ; 

.-. A = ^RC. Q.E.D. 

10. It is of the utmost importance that the student should 
have a perfectl}' clear idea of a limits as it is b}' the aid of this 
idea that many of the fundamental conceptions of mechanics 
and geometry can be most clearly realized in thought. 

1 1 . Let us consider briefly the subject of the velocity of a 
moving body. 

The mean velocity of a mo\dng bod}', during any period of 
time considered, is the quotient obtained by dividing the dis- 
tance traversed by the body in the given period by the lengtli 
of the period, the distance being expressed in terms of a unit 
of length, and the length of the period in terms of some unit of 
time. 

If, for example, a bod}' travels 60 feet in 3 seconds, its mean 
velocity during that period is said to be A^, or 20 ; and the 
body is said to move at the mean rate of 20 feet per second. 

The velocity of a moving body is \uiifonn when its mean ve- 
locity is the same whatever the length of the period considered. 

The actual velocity of a moving body at any instant, is the 
limit which the body's meam, velocity during the period imme- 
diately succeeding the instant in question approaches as the 
length of the period is indefinitely decreased. In the case of 
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uniform velocity, the actual velocity at any instant is obviously 
the same as the actual velocity at any other instant. 

If the actual velocity of a moving body is continual^ changing, 
the body is said to move with a variable velocity. 

12. If the law governing the motion of a moving body can 
be formulated so as to express the distance traversed by the 
body in any given time as a function of the time, we can indicate 
the actual velocity at any instant very simply by the aid of the 
increment notation already explained. Represent the distance 
by .s and the time by t. Then we have 

Suppose we want to find the actual velocity at the end of ^o 
seconds. Let M be any arbitrary period immediatel}' succeeding 
the end of ^o seconds (it can fairly be considered an increment 
as we really increase the time during which the bod}- is sup- 
posed to have moved by M seconds), and let Js be the distance 
traversed in that period. Then, by definition, the mean velocity 

Jo 

during the period JHs — , and the actual velocity desired is the 

limit approached by this ratio as Jt approaches zero. We shall 
indicate this by 

Hmit r^l 

M=OlAtJ 

which is to be read ''the limit of Js divided by J^, as At ap- 
prooAihes zero" ; the sign == standing for the word approaches, 

13. Take a numerical example. In the case of a body falling 
freely in a vacuum near the surface of the earth, the relation 
connecting the distance fallen with the time is nearly 

s = U^t\ 

s being expressed in feet and t in seconds ; required, the actual 
velocity of a falling body at the end of ^o seconds. Let /t seconds 
be an arbitrary' period immediately after the end of ^o seconds, 
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then in « tQ'\-M seconds 

the body would fall 16 («o-f^O* feet, 

or 16<o' + 32^J<-M6(JO" feet. 

In ^0 seconds it falls 16 ^o* feet, so that in the period Jt in question, 
it would faU 16 <o' -f 32 ^ Ji + 16 (JO'- ^^^o feet, 

or 32toM-\-U(Aty feet, 

which must therefore be Js. If Vq be the required actual velocity, 

and obviously j^2o \'ji\^^^^' 

Hence i?o=32^oi 

the result required ; and in general, the velocity v at the end of t 

seconds is 

v=32^ 

14. Let us now consider a geometrical problem : To find the 
direction of the tangent at any point of a given curve. 

The tangent to a curve, at any given point, is the hne with 
which the secant through the given point and any second point 
of the curve, tends to coincide as the second point is brought 
indefinitely near the first. In other words, its position is the 
limiting position of the secant line as the second point of inter- 
section approaches the first ^ i.e., a position that the secant line 
can be made to approach as nearly as we please, but cannot 
actually assume. 

15. Suppose we have the equation of a curve in rectangular 
coordinates, and wish to find the angle t that the tangent at a 
given point (ajc^o) of the curve makes with the axis of X ; that 
is, what is called the inclination of the curve to the axis of X. 
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The equation of the curve enables us to express y in terms of 
a;, that is, as a flinetion of x. We have then 




Let x^ + ^x 

be the abscissa of any second point P of the curve, and 

the corresponding ordinate. If ip is the angle which the secant 
through Pq and P makes with the axis of X, it is clear from the 



figure that 



tan,. = -|. 



As P approaches Po» that is, as Ax decreases toward zero, ^ 
evidently approaches r as its limit, and tan ^ of course ap- 
proaches indefinitely tanr. Hence, by the fundamental theo- 
rem of limits (Art. 8), 

tanr= limit [f^l 

16. Take a particular example. To find the inclination tq to 
the axis of X, of the parabola 

y^= 2mx 

at the point {x^^y^ of the cur\'e. 
If the abscissa of P is iCo -f- Ja:, its ordinate y© -H^y niUst be 

V[2m(a:o + ^aj)], 

as is clear from the equation of the curve, which ma}- be written 

y^^{2mx). 
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yo = V(2miro), 

Jy must be VE^^ («o + ^«)] — '\J{2mQCo). 

Ay _ V[2m {xq + Ax)'] — ^{2mx^ , 
Ax" Ax 

or, multiplying numerator and denominator by 

to rationalize the numerator, 

Ay __ 2m (a^o -h ^a?) — 27?ia;o 



and tan To = l™it ["^1^ _| 
Ja;=0Lj«J 2V( 



2m m m 



2^{2mxQ) y/{2mxo) y^ 
At any point {x^y) of the parabola we should have 

. m 

tan r = — 

y 

At the extremity of the latus rectum, i.e., at the point [ — , m j, 

tanr = — = 1, 
m 

and T = 45°, 

a familiar property of the parabola. 

17. Each of the problems we have just considered has re- 
quired for its solution the investigation of the limit approached 
by the ratio of corresponding increments of a function and of 
the variable on which it depends, as the increment of the inde- 
pendent variable approaches zero. Such a limit is called a de- 
rivative^ or a differential coefficient^ and the study of its form 
and properties is the fundamental object of the Differential Cal- 
culus, 
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CHAPTER II. 

DIFFERENTIATION OF ALGEBRAIC FUNCTIONS. 

18. If y is a function of a;, the limit of the ratio of an incre- 
ment of y to the corresponding increment of x, as the increment 
ofx approaches zero^ is called the derivative of y with respect to 
X, and'is indicated by Z),y, D^, being merely an abbreviation for 
derivative mth respect to x.* For any particular value of a, this 
limit, as we shall see, will, in general, have a perfectly definite 
value ; but it will change in value as x changes ; that is, the 
derivative will, in general, be a new flinction of x. 

Since our definition of derivative requires that y should be a 
function of a;, that is, should change when x changes, it follows 
that a constant can have no derivative ; and if we attempt to 
find the derivative of a constant b}' the method which we should 
use if it were a function of », we shall be led to this same con- 
clusion. Let a be any constant ; then the increment produced 
in a, by giving x any increment, is absolutely ; the ratio of 
this increment to the increment of x must then be ; and as this 
ratio is always 0, its limit, when we suppose the increment of x 
to decrease, must be 0. Therefore 

Aa = 0. [1] 

19. The general method of finding the derivative of any given 
function o/ x, is immediatel}' suggested b}' the ddinition of a de- 
rivative. Take two values of ar, Xq and Xq -h Ja;, and find the 
corresponding values of the given function ; the diflerence be- 
tween them is obviously the increment of the function, corre- 
sponding to the increment Jx of x, Tlie limit of the ratio of the 



* The names differential coefficient and derived functioUt and the notation ^ In 
place of Dxy, are also in common use 
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two increments, as Jx approaches zero, will be the value of the 
derivative for the particular value aj,, of «, and we may indicate 
it by [_D,y']x=XQ- As iCb was taken at the start as any value 
of », the subscripts may be dropped in the result, and the de- 
rivative will then be expressed as an ^dinary function of x. 
The method may be formulated as follows: — 

The student will observe that, in the proble ms in Arts. 13 and 16^ 
we have really found Z>,(16^) and 2>« ( V2 mx) by the method 
just described. 

Examples. 
Find 

(l)D,(20x); (2)A(^); (3)^xQ; (4)Z>.(VS); 

by the general method. 

Ana. (1) 20; (2) 3a^; (3) -^; (4) ^ 



ic' ' ' 2 ^{x) 

20. In order to deal readily with problems into which deriva- 
tives enter, it is desirable to work out a complete set of formu- 
las, or rules for finding the derivatives of ordinary functions ; 
and it will be well to begin by roughly classifjing functions. 

The functions ordinarily considered are : — 

(1) Algebraic Functions : those in which the only operations 
performed upon the variable, are the ordinar}^ algebraic opera- 
tions, namely : Addition, Subtraction, Multiplication, Division^ 
Involution, and Evolution. 

Example. io^-\-d^(x-l), 

(2) Logarithmic Functions: those involving a logarithm of 
the variable, or of a ftmction of the variable. 

Eocamples. x log x ; 

log (ic* — aa? + 6) . 
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(3) Exponential Functions: those in which the variable, or 
a function of the variable, appears as an exponent. 

Example. a^^'*-*^. 

(4) Trig6no7n£tric Functions : 
Example. cos x — sin' a;. 

21. We shall consider first, the differentiation* of Algebraic 
Functions of x. 

Required D, (ax) where a is a constant. 
By the general method (Art. 19), 

rnn^i - l™i^ r a(x^ + Jx)-a^ l_ Umit faJxl 
L^«««Jar=ar^-ja.=s=oL Jx J" Ja:=0 L Ja: J 

limit r -I 
= Jx=oM = "' 

.-. D,(ax)=a. [1] 

If a = 1 , this becomes D^x = l. [2] 

Required D^x" wAere n is a positive integpr. 

By the Binomial Theorem, 
(a^H-Ja;)»=gb^ + na;o*'-yg-|- ^^'^"'"^^ a'o"-'(Jx)'-|-.. .+(Jic)" 
(a, + y ^a^->^^,.,^n(n-l) ^^._,^^^ +(J^)«-i. 

liX c 

Each term after the first contains Jcr as a factor, and therefore 
has zero for its limit as Ax approaches zero, so that 



limit r (aV)-l-^g)*'~go* 1_ ^ 



. n-l , 



••[^x»^]x=x="^"- 



• To difftreniiait is to find the derivative. 
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As QCo is any value of «, we may drop the subscript, and we have 
D^xr = naf'-K [3] 

22. We shall next consider complex functions composed of 
two or more ftmctions connected by algebraic operations ; the 
sum of several ftmctions, the prodvM of functions, the quotient 
of functions. 

Required the derivative o/ w -|- v -|- ^e?, 

where each of the quantities w, v^ and w; is a function of x. 

Let Ja; be any increment given to a?, and Jt^, Jv, and Aw the 
corresponding increments of u^ -v, and w. Then, obviously, the 
increment of the sum u-\'V-\'W 

is equal to Jw -f Jv -f Jw, and we have 

D(u + v-]-w)^ limit VAji+Jv±Jw\^ limit fd^f+^^^l 
"^ ^ Ja?=0L ^« J Ax^Ol^dx^ Ax Ax] 

^ limit r!l!5"| . limit [^^1 , limit ft^"]. 
J«=0 |_Ja;J"^Jaj=0 \_Axy Ax^O ]^Ax] ' 

but, since Au and Jo; are corresponding increments of the func- 
tion u and the independent variable a?, 

limit 
Ax= 



in like manner 



limit r^l_n 
Ja.= oLjJ-^«^' 

mit r^'^l n 
, limit f'^^l-n 

hence 2>,(u-f v +«(;)= D,w + D^v + D.tw. [1] 

It is easily seen that the same proof in effect ma}^ be given, 
whatever the number of terms in the -sum, and whether the 
connecting signs are plus or minus. So, using sum in the sense 
of algebraic sum, we can sa}^ the derivative with respect to x 
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of the sum of a set of functions of x is equal to the sum of tne 
derivatives of the separate functions, 

23. Required^ the derivative of the product uv, where u and v 
are functions of a;. 

Let a^o, Mo, and Vq be corresponding values of a, «, and v ; let 
Jx be an increment given to x, and Ju and Jv the corresponding 
increments of u and v. Then, 

rn / \T - limit [(^o + ^^) (^^o + ^'^) - ^o ^o1 

(uo+ Ju) {Vo+ Jv) — Wo Vo = noJv-{' Vq Ju + Ju Jv 
'a rn / ^^ - limit [ uq Jv -{- Vp Ju -^ Ju Jv ^ 

Hmit r^^_L. limit L :^1 . limit p^^-J'^l 
= J«=0|_^JicJ"^Ja;=0L ^Ja?J"^Ja?=OL -i® J" 

t£o does not change as Jx changes, and 

limit r^l^rj)^! 
Jx^OlJxr^^'^'^'o^ 



and in like manner 



S*o[^»S] = ^o[A«]_, 



limit 
Jx 



— — may be written Ju — or Jv — , Let us consider 

Jx Jx Jx 



limit 
Jx 



S»[-3l]- 



As Jx approaches 0, Jw, being the corresponding increment of 

the function m, will also approach ; and the product Ju — 

Jx 

Jv 
will approach as its limit, if — approaches any definite value ; 

Jx 
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that is, if D^o has a definite value. It is, however, perfectly 

conceivable that — may increase indefinitely as Jx approaches 
Ax 

zero, instead of having a definite limit ; and, in that case, if -^ 

Jx 

should increase rapidly enough to make up for the simultaneous 

decrease in Jm, the product Au -— would not approach zero. 

Ax 

We shall see, however, as we investigate all ordinarj- functions, 
that their derivatives have in general fixed definite values for 
an}' given value of the independent variable ; but, until this is 
established, we can onl}' say, that 



imit fju^Vo 



limit 
Ax 



Av Au 
when — or — has a definite limit, as Ja;=0 ; that is, when 
Ax Ax 

has a definite value. With this proviso, we can say, 

or, dropping subscripts, 

A (^v) =uD^v + vD^ u, [1] 

Divide through by wv, and we have the equivalent form, 

UV U '^ V ' 

If we have a product of three factors, as uvw^ we can repre- 
sent the product of two of them, say vw^ b}^ 2, and we have 

D, {uvw) D, {vz) D,u D^z 
uvw "" vz '~"~tr"'""T" 

But D,z ^ D,(vw) ^D,v D,w, 
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D,(nviv) D^xi D^v D,w 



[3] 



This process maj' be extended to any number of factors, and we 
shall have the derivative of a product of functions divided by the 
product equal to the sum of the terms obtained by dividing the 
derivative of each function by the function itself 



24. Required the derivative of the quotient _, where u and v 

V 

are functions of x. Employing our usual notation, we have 



A 



_. limit 



"tV+_^ _ Wo' 
Vq + JV t'o 

Jx 



but 



Mq + Au Uq _ Vq Au — t/p Ji ; 
Vq+ JV Vq t'o*-f Vo^v 



and dividing by Ax, we have 



[ 



DJ'l 



_ limit 









and dropping subscripts, 



Hiy 



^ 



[1] 



Examples. 
Find 

(1) D^i^^x--^{x)^ ; (2) A[«^VW] ; (3) A^^. 
(1) 3a^+l-— L-, ; (2) — ^, + 2a;V(«) ; (3) - '^ 



2V(a;) 2V(a') 



2aJ*V(*) 
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(4) Find,byArt.24,[l],Z>yiY 

(5) Deduce D.of from last part of Art. 23. 

25. If the quantity to be differentiated is a function of a 
function of «, it is always theoreticall}' possible, by performing 
the indicated operations, to express it directly as a function of 
a, and then to find its derivative by the ordinary rules ; but it 
can usually be more easily treated by the aid of a formula which 
we shall proceed to establish. 

Required^ D,fy, y beiiig itself a function ofx. Let Xq and ^o 
be corresponding values of x and y ; let Jx be anj' increment 
given to », and Jy the corresponding increment of y ; then 

rn rn - limit f/Cyo + ^.V) -/^ol 
[^./2^]^=xo- Jx=0 L ^ ^J' 

and this can be written 



limit 
Ax 



nit r /(yo+^y)-/yo ^y"] 
=oL Ay 'AxJ 



As Ax and Ay are corresponding increments, they approach zero 
together; hence 

limit [ fiVo H- ^y) -fyo l 
Ax=0 L ^y J 

which is equal to C^»/y]j,=j,„- 

or, dropping subscripts, 

DJy = DJy,D^y. [1] 

This gives immediatel}', as extensions of Art. 21, [1] and [3], 
2>, (ay) = aD,y, D,t/^ = ny^-^D,y. 
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26. Art. 21, [3] can now be readily extended to the case 
where n is any number positive or negative^ whole or fractional. 

Let n be a negative whole nuAber — m, m of course being a 
positive whole number. Let 

then we want D^y. Multiplying both members of 

by af , we have ixf*y= 1. 

Since af y is a constant, its derivative with respect to x must be 
zero ; but by Art. 23, [1] and Art. 21, [3], 

A [^y] = aJ" D^y + yD^af = oTD^y + mixr''hf 

m being a positive integer ; 

and D^y = —mx^^y = — mx^"*^^ = naf "~^ q.e.d. 

P 
Let n be any fraction - where p and q are integers either posi- 



tive or negative. 


As before, let 








required D,y. 


Clearing 


y = x^ 


of radicals, 


we have 


y^=xP; 





and since the two members are equal functions of a:, their deriva- 
tives must be equal ; 

or qy^'^B.y^px'"-^ 

p x^^^ p a;'~^ p £-1 
and ^'y==q-r=' = q-^^rr'' ='^"- «•=•'>• 
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The formula, D^Tf" — ?iaf-*, 

Art. 21, [3], holds, then, whatever the value of ?i. 

Example. 

Prove Art. 24, [1] by the aid of Art. 21, [3] and Art. 23, 
[1], regarding - as a product, namely uv^, 

V 

By the aid of these formulas, 

i>xa = 0; [1] 

D,ax = a\ [2] 

AaJ=l; [3] 

!),«" = naj»-^ [4] 

D^{u + v + w) =D,u+D,v+D,w\ [5] 

A {uv) =uD,v + vD^ u ; [6] 



D,ify) = DAJy)-D.y; [8] 

any algebraic function, no matter how complicated, may be dif- 
ferentiated. 



Examples. 
Find D,u in each of the following cases : — 

(1) w = m + 7iaj. Ans. D^u = n. 

(2) u=:(a + bx)a?. Ana. D^u = (46a? + 3a) a?. 
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(3) «=V(a5'+a')- 

Solution : w = -s/ (ic* -f a') = (ic* + a*) i. 

Let y = X* + a', 

then u = yi. 

Aw = Ay* = Ay* • Ay by Art. 26, [8], 
Ay* = iy* by Art. 26, [4], 

Ay=2aj; 

(5) tt = - -V. -dws. Aw = — r irnr^- 

(6) tt=(l+a;)V(l-a:). ^ns. Aw = ^ ^ "'^'*^ 



2V(l-a;) 



(8) u^Jp-^^^A Ans.D^u I 

^ ^ - 7(1+0^) _V(i-««)* 

• u4n«. D^u= - - flH T 
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CHAPTER III. 

APPLICATIONS. 

Tangents and Normals. 

27. We have shown, in Art. 15, that the angle r, made with 
the axis of x by the tangent at any given point of a plane curve, 



when the equation 



y=fx 



of the curve, referred to rectangular axes, is known, may be found 
by the relation 



tanr 



= limit r^l 



where Jy and Ja; are corresponding increments of y and a;, the 
coordinates of a point of the curve. If the point be (0^,^0)5 we 
have, then, 

tanro = [Z>,2/]ar=ar„- 



At any point (x^y) tan t = 2>,y. 

r 



[1] 




A line perpendicular to any tangent, and passing through the 
point of contact of the tangent with the curve, is called the nor- 
mal to the curve at that point. If ^o be the angle which the 
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normal at the point (xo,yo) makes with the axis of X, then it is 
evident fh>m the figure, that 

^0=90^ + To, 
and fh>m trigonometr}', 

1 



tanyo= — cotTo = 



Of coarse, for any point (x^y) 

tanr=--l-. [2] 

28. Since the tangent at (xo^yo) passes through (xo^yo)^ and 
makes an angle tq with the axis of x, its equation will be, by 
analytic geometry, 

y — yo = tanro(a; — a\)); 
or, since tan r^ = [Ay]x=xo' 

In like manner, the equation of the normal at (a\),yo) ^ found to 
be y_y,= -..^ (aj-aJb). [2] 

The distance from the point of intersection of the tangent 
with the axis of X to the foot of the ordinate of the point of 
contact, is called the subtangetit, and is denoted by t^. 

The distance /rom the foot of the ordinate of the point to the 
intersection of the normal with the axis of X, is called the sub' 
normal, and is denoted by n,. 

In the figure, TA and AN are respectively the subtangent and 
tubnormcUy corresponding to the point (a\>,yo) of the curve. 

Obviously |2:-. tan r^ = ID^y'lx^x^, 
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hence for the point {xo^yo) , 



T^fc ' .«.= 2'o[A.]_, 



The distance from the intersection of the tangent with the 
axis of X to the point of contact is sometimes called the length 
of the tangent J and may be denoted by t. 

The distance from the point at which the normal is drawn to 
the point where the normal crosses the axis of X is sometimes 
called the length of the normal, and may be denoted by n. 

It is easily seen from the figure, that 

and w=V(^o^ + 0; 

hence t = y^ [/>x2/]^l:ro V(l + l^^vYx^xo) ' 

and n = yo V(l + C^x2/]^=xo) • 

For any point (x^y) , our formulas become 

<=y[Ay]-V(i+[Ay]'); [5] 

n = y^(l+lD,yy). [6] 

Examples. 

(1) Show that the inclination of a straight line to the axis of 
X is the same at every point of the line ; i.e. , prove tan r constant. 
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(2) Show that the subnormal in a parabola 

is constant, and that the subtangent is always twice the abscissa 
of the point of contact of the tangent. 

(3) Find what point of the parabola must be taken in order 
that the inclination of the tangent to the axis of X may be 45^. 

29. If the equation of the curve cannot be readily thrown into 

the form y=fiiy 

D,y may be found by differentiating both members with respect to 
X and solving the resulting equation algebraically^ regarding D^y 
a>s the unknown quai\tity. 

For example ; required the equation of the tangent to a circle 
at the point (a^,yo) of the curve. The equation of a circle is 

r being constant. Differentiating with respect to «, we have, 
by Art. 26, [8], 

2a;-|-2^Ai^ = 0. 

SoMng, 2>,y=-|5=_5. 

^y y 

and by Art. 28, [1], the required equation is 

yo 
or, clearing of fractions, 

yoy-yo^^ -aro^-f «bS 
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but (ocb^^o) is on the curve, hence 

and we have a\)aj-|-yoy = ^5 

the familiar form of the equation. 

Examples. 

(1) Find the equation of the normal at (Xo^yo) in the circle ; 
of the tangent and the normal at (x^^yo) in the ellipse and the 
hyperbola referred to their axes and centre. 

(2) Find at what angle the curve y^=2ax 

cuts the curve a? — Saxy'\-r^ = 0. 

Ans. Cot-i\^4. 

(3) Show that in the curve a:* -|- yt = at 

the length of that part of the tangent intercepted between the 
axes is constant and equal to a. 



Indeterminate Forms. 

30. When, under the conditions of the problem, the value of 
a variable quantity is supposed to increase indefinitely^ that is, 
to increase without limits so that the variable can be made greater 
than any assigned value, the variable is called an infinitely great 
quantity or simply an infinite quantity, and is usually represented 
by the s}Tnbol oo. Since infinite quantities are variables, they 
will usually present themselves to us either as values of the 
independent variable or as values of a Unction. 

31 . By a value of a function corresponding to an infinite value 
of the variable^ we shall mean the limit approa>cJied by the value 
of the function as the volume of the variable increases indefinitely. 

Thus, if y=/»> 
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and y approaches the value a as its limit as x increases indefi- 
nitely, the value of y corresponding to the value oo of a; is a, or 
as we shall say, for the sake of brevity, 







y- 


= a when a? = oo. 




Since 


- approaches 

X 





J0 jfti fiMt «8 X increases 


indefinitely. 


«- r 




1 

X 


= whena;^ oo. 




or, more 


\ briefly, 




00 





ijf, as the varidble increases indefinitely the function instead of 
approaching a limits itself increases indefinitely^ we shall say 

^ s 00 when a; = oo, 

meaning, of course, y increases indefinitely when x increases 
indefinitely. 

32. If a« the variable approaches indefinitely a particular 
value^ the function increases without limits we sa}' that the 
function is infinite for tliat particular value of tJie variable. For 
example ; as the angle ^ approaches the value 90^, its tangent 
increases indefinitely, and by taking ^ sufi^ciently near 90^, 
tan^ can be made greater than any assigned value. So we 

say tan ^ = oo when ^ = 90®, 

or, more briefly still, tan 90** = oo. 

Again, - increases indefinitely as x approaches zero ; so we 
say _ = 00 when a? = 0, 

X 

or simply a"^* 

The student can easily convince himself, by a little consideration. 
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that our definition of infinite is entirely consistent with the ordi- 
nary use of the term in algebra, trigonometry^ and analytic 
geomctr}-. 

33. The expressions, -, -^, and x oo, are called indeter- 
minate forms ; and as they stand, each of them may have any 
value whatever; for consider them in turn: — By the ordinary 
definition of a quotient as '' a quantity that, multiplied by the 

divisor, will produce the dividend," - may be anything, as any 

quantity multiplied by will produce 0. 

So, too, -^ may have any value, as obviously any given quan- 
tity multiplied by a quantity that increases without limit will 
give a quantity increasing without limit. 

That X 00 is indeterminate is not quite so obvious ; for, since 
zero multiplied by any quantity gives 0, it would seem that zero 
multiplied by a quantity which increases indefinitely must still 
give zero, as is indeed the case ; and it is only when x oo pre- 
sents itself as the limiting value of a product of two variable 
factors, one of which decreases as the other increases, that we 
can regard it as indeterminate. In this case the value of the 
product will depend upon the relative decrease and increase of 
the two factors, and not merely upon the fact that one ap- 
proaches zero as \he other increases indefinitely. 

It is only when -, -^, and x oo occur in particular problems 

as limiting forms ^ that we are able to attach definite values to 
them. 



34. Each of the forms -g and x oo, as we shall soon see, 

00 ' ' 

can be easily reduced to the form -, and this form we shall now 

proceed to study. 

If /a; = and i^o? = when a; = a, 

fx 
the fraction i-, which is, of course, a new function of a?, assumes 
Fx 
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the indeterminate form - when » = a, and the limit approached 

by the fraction as x approaches a is called the true value of the 
fraction when » = a, and can generally be readily determined. 

By h3'pothesis /a = and Fu = 0, 

fbc fx "^ fa 

hence we can throw ^ into tlie form ^ — i?-— , for in so doing we 
Fx Fx-Fa ^ • 

are subtracting from tlic numerator and from the denomina- 
tor of the fraction. Again, we can divide numerator and de- 
nominator by a: — a without changing the value of the fraction ; 

nc />? (I 

therefore 



Fx Fx-Fa 
x — a 
and tlie true value of 



f^l ^ limit r^l limit 
Li?!rJ... x^a\Fx] «=« 



'fa- 


-/« ■ 


X- 


-« 


Fx- 


-Fa 



L a: — a J 



But x — a^ being the difference between two values of the 
variable, is an increment of x; fx—fa^ being the difference 
between the values of fx which correspond to x and a, is the 
corresponding increment of the function, hence 



S[^]=WA].... 



and in the same way it can be shown that 
limit r ^a'--P'«1 _r^ „-, 

wherefore the true value of ^ when a? = a is j^ '-^^J'*". We 

Fx [D^Fx]^^, 

have then only to differentiate numerator and denominator, and 
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mhstitvJte in the new fraction a for x, in order to get the true 
value required. It may happen that the new fraction is also 
indeterminate when a? = a ; if so, we must apply to it the same 
process that we applied to the original fraction. 
The student will observe that this method is based upon jhe 

supposition that /a = and i^a = 0, 

80 that it is only in this case that we have established the relation 



W.=.~ 






Examples. 
Find the true values of the following expressions : — 

*■ ' La!«-8a:»-7a^+27a;-18j„,' 

^"^ |_(x*_l)l-x + lj„; 

,. p-l + (x-l)i -| 
^^ L V(-'-l) U 

(5) r i-v(i-«^) 1 . 

^ ' L Sjif-a') Jx=a 

... r a!'-3a!+2 "I 
*■ ' La!*-6a:*+8a;-3j„i' 

35. If /x and Fx both increase indefinitely as x approaches 
the value o, or, as we say for the sake of brevity, if 



Ans. 


1 
n 


Ans. 


10. 


Ans. - 


3 
'2 


Ans. 


0. 


Ans. 


1. 


1 




V(2a) 


Ans. 


00. 
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/a = 00 and Fa = oo, 

we can deter&tine the true value of ^ by first throwing the 

fraction '— into the equivalent form ---, which assumes the form 
Fx J_ 

- when X = a, and may be treated by the method Just described. 
If /x = and i^x = oo when x = a, 

the true value of [/x.Fx],.^ can be determined by throwing 

fx 

fx.Fx into the equivalent form '—^ which assumes the form - 

Fx 
when X = a. 

Maxima and Minima of a Continuoua Function. 

36. A variable is said to change contimioudy^ from one value 
to another when it changes gradyjoUy IVom the first value to the 
second, passing through all the intermediate values. 

A function is said to be continuous between two given values 
of the variable, when it has a single finite value for every value 
of the variable between the given values, and changes gradually 
as the variable passes from the first value to the second. 

37. If the function is increasing as the variable injcreases^ the 
increment Jy, produced by adding to x a positive increment Jx, 

will be positive ; -i? will therefore be positive, and l™it -2/ 
Jx 1- ' Jx=OLJxJ 

will also be positive ; that is, D,y will be positive. 

If a Amction decreases as the variable increases^ the increment 
Jy, produced by giving x a positive increment Jx, will be nega- 
tive ; -i? will therefore be negative, and ^™^* -^ will also be 

Jx ^ . ' Jx«0|_JxJ 

negative ; that is, D^y will be negative. 
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Since Z>,y, being, as we have seen, itself a function of a;, may 
happen to be positive for some values of x and negative for 
others, it would seem that the same function may be sometimes 
increasing and sometimes decreasing as the variable increases, 
and this is often obviously the case. For example; sin^ in- 
creases as (p increases, while ^ is passing through the values 
between 0® and 90° ; but it decreases as ^ increases, while ^ is 
passing through the values between 90° and 180°. 

38. Not only does an}^ particular value of the derivative of a 
function show by its sign whether the function is increasing or 
decreasing with the increase of the variable, but it shows b}' its 
numerical magnitude the rate at which the function is changing 
in comparison with the change in the variable as the latter is 
passing through the corresponding value. 

For example ; when a? = 2, 

2>,a^ or 2x equals 4, and this shows that when x increasing is 
passing through the value 2, its square is increasing four times 
as fast. 
For if Ax and Ay are corresponding increments of the variable 

and the function, starting from a pai-ticular value Xq of a?, -f- may 

Ax 

be regarded as the mean rate of change in y compared with the 

change in x. and ^™^* -^ will then show the actual rate of 
^ Ja;=0 \_Ax_\ 

change at the instant x passes through the value a^. 

39. If, as the variable increases, the function increases up to 
a certain valu£ and then decreases, that value is called a maxi- 
mum value of the function. 

If, as the variable increases, the function decreases to a cer- 
tain value and then increases, that value is called a minimum 
value of the function. 

In these definitions of maximum and minimum values, the 
variable is supposed to increase continuously. 

As a maximum value is merely a value greater than the values 
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immediately before and immediately after it, a function may 
have several different maximum values; and, for a like reason, 
it may have several different minimum values. If 

y^fx 

be the equation of the c\xr\Q in the figure, the ordinates yi and 
^2 are maximum values of y, y^ and y^ are minimum values of y. 




40. In the following discussion we shall suppose throughout 
that the variable continually increases. Then, as at a maximum 
value, the function by definition changes from increasing to 
decreasing, its derivative must, b}' Art. 37, be changing from a 
positive to a negative value ; and if the derivative is a continu- 
ous function of the variable in the neighborhood of the value in 
question, it can change from a positive to a negative value only 
by passing through the value zero. 

Since, at a minimum value, the function by definition changes 
from decreasing to increasing, its derivative must be chang- 
ing from a negative to a positive value, and must therefore be 
passing through the value zero, provided that it is a continuous 
function of the variable in the neighborhood of the value in 
question. 

41. Confining ourselves for the present to the case where the 
derivative is a continuous function^ we can say then, that if y is 
a function of a;, any value ^ofx corresponding to a maximum 
or a minimum value of y must make D,y zero. This can also 
be seen from the figure of Art. 39. For, at the points -4, B, C, 
and Z), the tangent to the durve is parallel to the axis of X, and 
therefore at each of these points 2),y, which is, by Art. 27, the 
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tangent of the inclination of the curve to the axis, must equal 
zero. 

Of course it does not follow from the argument just presented, 
that every value of x that makes D,y—0 must correspond either 
to a maximum or a minimum value of y ; and it is evident, from 
the figure just referred to, that, at the point E^ the tangent is 
parallel to the axis of X, and D^y is zero, although y^ is neither 
a maximum nor a minimum. 

42. In order to ascertain the precise nature of the value of y 
corresponding to a given value of x which makes D^y zero, we 
need to know the sign of Dj^y for values of :l just before and just 
after the value in question^ and this can generally be determined 
by noting the value of the derivative o/D,y, which we can always 
find, as D^y itself is a function of a?, and can be differentiated. 

43. D,{D,y) is called the second derivative ofy with respect 
to X, and is denoted by D^y, D, ( A^y) is called the third de- 
rivative of y with respect to «, and is denoted by D^^y ; and in 
general, if n is any positive whole number, 2>, (Z)/~^y) is called 
the nth derivative of y with respect to a, and is denoted by Dj'y, 

44. Example. Required the nature of the value of a^ — a:* 
corresponding to the value of a:. 

Lei y = a^ — a^: 

I)^y = 3a^-2x, 

A'y=6x-2; 

[Z).2/],=o=0, 

[Z>,«2/]x=o=-2. 

Since D^^y is negative when x = 0, D^y must have been de- 
creasing as x passed through the value zero, and as 

[Z).2^].«o=0 
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D^y must have been positive before x = 0, and negative after 
a; = ; therefore, y must have been increasing before x = 0, and 
decreasing after x = 0, and must consequently have a maximum 
value when x = 0. To confirm our conclusion, let us find the 
values of x* — x* when x= — .1, when x= 0, and when x= .1 : 

[X»-X^,„^=:-.011, 

[x»-x»]_o = 0, 

[x»-x»],,.i=-.009; 

and the value corresponding to x sz= is the greatest of the three. 

45. If [Ay]x=x,=0 

and [^/y];.«o>0, 

D^y must have been increasing as x passed through the value 
Xq ; and, therefore, since Z>,y = when x = Xo, it must have been 
negative before x = xb and positive after x = Xo: y then must 
have been decreasing before x = x^, and increasing after x = Xq, 
and so must be a mi n imum when x = Xq. 

46. If [i>xy]x=x.=o 
and [i).'y]:.=x„=0, 

we must find the value of D^y before we can decide on the nature 
ofj/o. Suppose [■O.y]x=x„=0, 

and [^.''y]x=x„<0- 

As {I>*y]xs=xn ^ negative, D*y must have been decreasing as 
X passed tlirough the value Xb» and being when x = x,, must 
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have been positive before and negative after. D^y therefore 
must have been increasing before a; = oc^ and decreasing aft;er ; 



and as 



[^.yL=x,=o, 



it must have been negative both before and after x = x„. The 
function y, then, must have been decreasing both before and 
after x = Xq, and y^ is neither a maximum nor a minimum. 



Examples. 
(1) Show that if [i>.yL=x^=0, 

and [i>x''y].=.„>0, 

2/e is neither a maximum nor a minimum. 



(2) If 

and 

(3) If 

and 



[^x*!/]x=x„< 0, yo is a maximum. 



iD^y^a 



=0, 






Vo IS a mmimum. 



47. The preceding investigation suggests the following method 
of finding the values of the variable corresponding to maximum 
or minimum values of the ftmction. Differentiate the function 
and find what valuea of x will make the first derivative zero. 
This may, of course, be done by writing the derivative equal to 
zero, and solving the equation thus formed. Substitute for x, 
in tum^ in the second derivative^ the valves of x thus obtained^ 
and note the signs of the results. Those values of x which make 
the second derivative positive correspond to minimum values of 
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the function, and those that make the second derivative nega- 
tive^ to maximum values of the Unction. If any make the 
second derivative zeroy they must be substituted for x in the 
third derivativey and the result interpreted by the method of 
Art. 46. 

Examples. 

Find what values of x give maximum and minimum values of 
the following functions : — 

(1) w=2ar^-21x» + 36aj-20. 

Ans. a;= 1, max. ; a;= 6, min. 

(2) tt = aj»-9a«+15x-.3. 

Ans. X = 1, max. ; x= 5, min. 

(3) u^Sa^ -I25a?-\'2ie0x. 

A71S, Max. when aj = — 4 or 3 ; 
min. when aj = — 3 or 4. 

(4) Show that tt = ar^- 3x*+6aj-|- 7 

has neither a maximum or a minimum value ; and that 

is neither a maximum nor a minimum when x=0, 

(5) A person in a boat, three miles fh}m the nearest point of 
the beach, wishes to reach, in the shortest possible time, a place 

B L 




five miles fix)m that point, along the shore. Supposing he can 
walk five miles an hour, but can row only four miles an hour, 
required the point of the beach he must pull for. 
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With the notation in the figure, the distance rowed is ^{x? -|- 9) 
miles, the distance walked is 5 — a; miles, and u^ the whole time 
taken, is evidently 

u = T 1 g— hours, 

and X must have a value that will make u a minimum. 

X 1 






4V(a^4-9) 5' 

9 

'4(3^4-9)5' 



Solving % i = 0, 

we get » = ± 4 ; 

but, on substituting these values of x in turn in the expression 
for D^u^ we see that a;= 4 is the only value which will make 
Z)aU=0, since we must take the positive value of -^(aj^-h 9), 
from the nature of the case, as it represents a distance traversed. 
Remembering this fact, we find 

and u then is a minimum when a =4, and the landing-place 
must be one mile above the point of destination. 



48. In problems concerning maxima and minima, the func- 
tion u can often be most conveniently expressed in terms of two 
variables, x and y, which are themselves connected by some 
equation, so that either may be regarded as a function of 
the other. In thi^ case, of course, u can, by elimination, be 
expressed in terms of either variable, and treated by the usual 
process. It is generally simpler, however, to diflTerentiate w, 
regarding one of the variables, x, as the independent variable, 
and the other as a function of it, and then to substitute for D,y 
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its value obtained from the given equation between x and y by 
the process suggested in Art. 29. 



Examples. 

(1) Required the maximum rectangle of given perimeter. 
If a be the given perimeter, we have 



y 

X 



2x + 2y = a] (1) 

and the area u=:xy. (2) 

Differentiate (1) with respect to x, and we have 

2 + 2Z),y=0, 

whence D^y = — 1 ; (3) 

D^u:=xD^y^y= -x + y, by (3), 

Z).*w=-l4-/>xy=-l-l=-2, by (3). 

D,r« = if a? = y, 

and D^^u is negative ; therefore the required maximum rectangle 
is a square. 

(2) Prove that of all circular sectors of given perimeter the 
greatest is that in which the arc is double the radius. 

(3) A Norman window consists of a rectangle surmounted 
by a semicircle. Given the perimeter, required the height and 
breadth of the window when the quantity of light admitted is a 
maximum. Ans. Height and breadth must be equal. 

49. After finding the values of x which make 

it is often possible to discriminate between those corresponding 
to maximum values of u and those corresponding to minimum 
values of u by outside considerations depending upon the nature 
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of the problem, and so to avoid the labor of investigating the 
second derivative. 

Examples. 

(1) Prove that when the portion of a tangent to a circle in- 
tercepted between a pair of rectangular axes is a minimum it is 
equal to a diameter. 

(2) Determine the greatest cylinder of revolution that can be 
inscribed in a given cone of revolution. 

Ans, If 6 be the altitude of the cone and a the radius of its 
base, the volume of the required cylinder = — ra^6. 

(3) Determine the cylinder of greatest convex surface that 
can be inscribed in the same cone. Ans, Surface =-^. 

a 

(4) Determine the cylinder of greatest convex surface that 
can be inscribed in a given sphere. Aiis. Altitude = r V(2). 

(5) Determine the greatest cone of revolution that can be 

inscribed in a given sphere. Ans, Altitude = - r. 

3 

(6) Determine the cone of revolution of greatest convex sur- 
face that can be inscribed in a given sphere. 

4 
Ans, Altitude = - r. 
3 

ImX^groiion, 

50. We have seen (Art. 12) that when a body moves accord- 
ing to any law, if v, «, and s are the velocity, time, and distance 
of the motion respectively, v=DtS, 

Suppose we have an expression for the velocity of a body in 
terms of the time diuing which it has been moving, and want 
to find the distance it has traversed. For example ; the velo- 
city of a falling body that has been falling t seconds is always 
gt^ where g is constant at any given point of the earth's surface : 
required the distance fallen in t seconds. 
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This distance is evidently a function of (, for a change in the 
number of seconds a body falls changes the distance fallen. 
Represent this function by s ; then, as 



we have 






that is, tlie distarux is that function of t which has gt for its 
derivative; and to solve the problem we have to find the func- 
tion when its derivcUive is given. 



51. Having given the equation yssfxofa curve (rectangular 
coordinates), required the area bounded by the curvCy the axis 
of^y a fixed ordinate yo, and any second ordinate y. 




This area, A^ is obviously a f\mction of x, the abscissa corre- 
sponding to the second bounding ordinate y^ for a change in x 
changes A. Let us see if we cannot«find the value of D,A, 
Increase x by Ja?, and represent the corresponding increments 
of A and y by AA and Ay. From the figure, the area 

acdf<,acdb<ecdh\ 

but the area of the rectangle 

the area of the rectangle 

ecd6 = (y+Jy)Jx, 

and acdb =s J A ; 



hence 



y J«< J-4 < (y + Ay) Ax ; 
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and we want j^q -t- • Divide by Jaj, 



and 



AA 
ax 



AA 



That is, —— alwa3'8 lies between y and y + Ay\ and as they ap- 
Ax 

proach the same limit, y, as Ja;==0, j^^q must be y, and 



J 



we have 



D^A=^y=fx\ 



and to solve the problem completely, we have to find a function 
from its derivative. 



52. Ha\ing given the equation y =/« of a curve (rectangular 
coordinates), required ike length of tJie arc between a fixed 
point (xo,yo) of the curve and any second point (x,y) . 

This length is obviously a function of the position, and therefore 











^ 
> 


^ 










^ 








^ 


F 


^^^ 






Ix 


Vf 


r^ 


'9^^.^^ 


:f^ 


V 






y\\ 


.-x^n. 










^0 




X 




Hx 





of the coordinates of the second point ; and as the equation of 
the curve enables us to express y in terms of a, we can consider 
the length s a function of x. Let us see if we can find its deriva- 
tive. Increase x by Ax and represent thfe corresponding incre- 
ments of s and y b}'^ As and Ay respectively. We see fi*om the 

figure that FQ<:As<FN+ NQ, 

P-^ being the tangent at P. 



PQ=yfiAxy+iAyy, 
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PJf^Jaj.secT. 




NQ^Ay^MN. 




MNss Ax ./tan r. 


hence 


^Q= Jy- JiBtanr, 


and we have 





43 



V(ji)*^-(Jy)' < J« < Joj sec T + Jy — Ja? tan r . 
Divide by Ja?, — 



Jx 



Unlit 



and ?™^*^ secT + -if — tanr = seer +2>,3/ — tarn 
Jaj=0 L ^^ J 

But we know, Art. 27, [1], that 

tanrrsD.y; 
and by trigonometry, 

sec^ r = 1 -I- tan^ r = 1 + (Z),y)*, 



secr=Vn-(Z>.y)^ 
hence 



limit 
Jx 



2o[^''^"^2f ~**°^]= Vl+(Ay)« + Ay-Aj/, 



or =Vl + (Z>.y)«. 

As — - lies alwa3"s between two quantities which have the same 
dx 

limit, Vl + (D,yy, its limit must be Vl+(I>,y)S and we have 



D^y can be foimd from the given equation, and therefore 
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Vl -I- {D,yy can be determined. We can then regard D^s 
as given, and again we are required to obtain a function from 
its derivative. 

53. To find a function from its derivative is to integrate^ and 
the function is called the integral of the given derivative. 
Thus the integral of 2 a; is ic*-f C, where C is any constant, for 
D,(a^'\-C) is 2a?. In other words, if y is a function of «, that 
function of x which has y for .its derivative is called the integral 
of y with respect to x, and is indicated by /,y, the symbol f, 
standing for the words integral with respect to x. 

54. Since the derivative of a constant is zero, we may add 
any constant to a frmction without affecting the derivative of the 
function ; so that if we know merely the value of the derivative, the 
function is not wholly determined, but may contain any arbitrary^ 
i.e., undetermined, constant term. In special problems, there 
are usually sufficient additional data to enable us to determine 
this constant after effecting the integration. 

55. Since integration is defined as the inverse of differentta' 
tion, we ought to be able to obtain a partial set of formulas for 
integrating by reversing the formulas we have already obtained 
for differentiating. Take the formulas — 

D,ax=a\ 

D,ay=:aD,y; 

D,3cr = nar-^] 

D,{u + V -H w; + &c.) = D^u +D^v + D^w + &c. ; 
and we get immediately — 
f^^x+G^ (1) 

/.a = aaj+C; (2) 
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f,aD^y = ay+C; (8) 

/,naf-^ = af'+C; (4) 

f,(D,u+D,V'^D,w + &c.) = u + v + w+&c. + C', (5) 

where C in each case is an arbitrary constant. 
The foiTds of the last three can be modified with advantage. 

In(3),caU D,y = u; 

then y=f.*fi 

and (3) becomes fxfiu = af,u+C. (6) 

B}' the aid of (6), (4) can be written, 

«/,«"-*= x^-fC. 

Change n into n -|- 1 , and we get 

(n-fl)y;a- = x» + i + C, 

or /.af = ^+0, (7) 

where C is any arbitrary constant, although, strictly speaking, 
different from the C just above. 

In (5) , let D,u = y, D,v = «, &c., 

then u =f,y, v =f,z, &c. 

and /,(y-h« + &c.)=/.y+/.2; + &c.+ (7; 

or, iAe integral of a mm of terms is the mm of the integrals of 
the terms. 

56. We can now solve the problem stated in Art. 50. The 
velocity of a falling body at the end of t seconds is gt feet, g 
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being a constant number ; required the distance fallen in t sec- 
onds. We have seen that, if v, ^ and s are the velocity, time, 
and distance respectively, v = /)< s ; 

hence s=ftV. 

Here 8=f,gt-\'C; 

but by Art. 55, (6) and (7), 

and in this case we can readil}" determine (7, for when the body 
has been falling no time, it has fallen no distance, 30 s must 
equal zero when ^ = 0, and we have 

= ^^(0)2 + 0=0-1-0, and 0=0; 

and our required result is s = ^gt^, 

57. Required the area intercepted by the curve 2/^ = 4a;, the 
axis of X, and the ordinate through the focus. 

From the form of the equation we know that the curve is a 
parabola with its vertex at the origin and its focus at the point 
(1,0) . The initial ordinate in this case is evidently the tangent 
at the vertex. 

If A is the required area, D^A = y, (Art. 51) , 

then ^i=fxy' 

y=z 2V5 = 2a?i; 

hence A =/,2»i = 2/.«i = ?^ -|-0= - aj5 -f O. 

f 3 

A stands for the area terminated by the ordinate correspond- 
ing to any abscissa x. 

It is obvious from the figure that if we make a; = 0, the ter- 
minating ordinate y will coincide with the initial ordinate through 
the origin, and A will equal zero. So we can readily determine 0, 
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for we have 
so that 

and 




^ = Oifa;=0; 



= |0i-f(7 = C, 



3 



If x = 1, as it must in order that y may pass through the focus, 

-4 = -, the required area. 



Examples. 

(1) Find the area bounded by the curve oc^=4y^ the axis of 
X, and the ordinates corresponding to the abscissas 2 and 8. 

Ans, 42. 

(2) Prove that the area cut off from a parabola by a double 
ordinate is two-thirds of the circumscribing rectangle. 

(3) Required the area intercepted between the curves y*= 4 ax 



and 0^ = 4 ay. 



Ans. 



16a« 



(4^ Find a formula for the area bounded by a curve x=fy^ 
the axis of F, and two lines parallel to the axis of abscissas. 

Ans. A^f,x-^C. 

(5) Find a formula for the area intercepted by a curve y =/a?, 
the axis of X, and two ordinates (oblique coordinates) . 

Ans. A = sin wf^y -^C, at being the inclination of the axes. 
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(6) Prove that the segment of a parabola cut off by any chord 
is two-thirds of the circumscribing parallelogram. 

58. Required the length of the portion of the line 

4aj~3y-f2 = (1) 

between the points having the abscissas 1 and 4. 



We have seen that Z>,« = Vl + (D,yy Art. 52, 

where s is the length of an arc ; 

hence «=/x Vl -f (Z>.y)^ 

From (1) we get 4 — 3 D^y = 0, 

A2/ = *, 

Vl-h(Z>,y)^=ft; 

and therefore s=f^^ = ^x + C^ where s stands for 

the length of the arc from the first point to any second point whose 
abscissa is x. If we make a? = 1 , the two points will coincide and 
s must equal ; then = f -|- (7, 

and s = f(a; — 1). 

To get the required distance, x must equal 4 and we get « = 5. 

Example. 

Find the length of the portion of the line u4a? -f 5y -f C = 
between the points whose abscissas are qcq and oci. 

Ans. V(^^(^_^). 
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CHAPTER IV. 

TKANSCENDENTAL FUNCTIONS. 

59. In order to complete our list of formulas for differentiat- 
ing, we must consider the transcendental forms, logx, a', sina;, &c. 
Let U8 differentiate log a. 
By our ftmdamental method, we have 

D \osx- ^^°^* nog(a?+^a?)-loga? 1 

log(a;+Ja?)-loga ?_ j^ I [x±Axl^l^ .f^ _^ Jxl 
Ax Jo? |_ a; J Ja; L ^ J' 

i...cg,.J»i'„[±,og(.+f)]. 

But as Ax approaches zero, log[ 1 -j j approaches logl, i.e., 

zero, and — increases indefinitely ; so that it is by no means easy 

1 / Ax\ 

to discover the limit of the product — logf i -j j . 

^x \ ^ J 

This product can be thrown into a simpler form by introduc- 

X 

ing m = — in place of Ax, 

Ax 

1 / Aq^ m ( \\ 1 / 1\"* 

2; log(^l + -jthen becomes- log(^l + -j, or - log(^l+-j • 

As Ax approaches zero, — or m increases indefinitely, and 

Ax 

D,loga;=«niitrij l^^iyi, 
m=ooLa; »\^ to/ J 
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and the value we have to investigate is the value approached by 

(1-1 ) as its limit as m increases indefinitely', which we in- 
m) 

dicate by _ 



-'^hil- 



60. Lei us first suppose that m in its increase continu£s always 
a positive integer. Then we can expand M -| ) by the Bi- 



nomial Theorem. 



f^M^Y , , m/l\ m(m^l) /lY m(m-l)(m-2 )/lY 



■j- &c. to ?n -|- 1 terms 



l"^ 1.2 "^ ^ "" 



1.2 1.2.3 



f .... to m + 1 terms. 



1.2.3.4 

Now, as m increases indefinitely, each of the first n terms of 
the series, n being an}- fixed number, approaches as its limit the 
corresponding term of the series 

^ 1 ^ 1.2 1.2.3 1.2.3.4 ^ •••• ' 

so that we have reason to suppose that there is some simple rela- 
tion between this latter series and oiu* required limit. 

61 . To investigate this question we shall divide the first series 
into two parts. The first part, consisting of the first n + 1 terms, 
where n is any fixed whole number less than m, we shall repre- 
sent b}^ S ; the second part, consisting of the remaining m — « 
terms, we shall call E. 
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Then h+ — ^=5+* 
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8 



\ mj\ m) \ m J 



^ 1.2.3.. ..» 

As n is a fixed number, we have 



limit 
m=oo " 



72: 






1.2.3 n 



Lw-fl (n + l)(n+2) 



I I v ^A ^ A ^ / \ ' ^ / 



(n + 1 ) (n -h2) (n +3) m 



Since 7i is less than m, each numerator in the value of R is posi- 
tive and less than 1 , and 

R<^ ^ r ^ I ^ I ^ f I ^ 1 

^1.2.3 nLn + l'^(7i-fl)'"^(n+l)»"^"""^(rH-l)-— J" 

The sum of the decreasing geometrical series, 
^ 4-_L_ + _l_ + 



n-fl (n+l)» (n + l)» 



is by algebra less than - ; 
n 



therefore 



R< 



n(1.2.3....nV 
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1=00'--'-' ^«(l.2.3 n)' 

and we have at last, 



mit f._, 1 V_ limit r«n limit r^-, 



limit 
m 



= 1+1+1+ 1+^1 +....+ 



1 ■ 1.2 ■ 1.2.3 ■ 1.2.3.4 ■ • 1.2.3 n 

+ something less than — ; r , 

n(1.2.3 n) 

n being any positive wlwle number. 

Thus we obtain the relation that the difference between our 
required value and the sum of the first n + 1 terms of the series 

^■^i"^T:2"^r:2;:3"^""" 

is less than -— -• 

w(1.2.3 n) 

The greater the value of n the less the value of ; 

n.l.2.3....n 

and by taking a value of n sufficiently great, we may make this 
difierence as small as we please. 

Consequently^ by Art. 7, our required value is the limit ap- 
proached by the sum of the first n terms of the series 

as n is indefinitely increased^ or what is ordinarily called the sum 
of this series. 

62. The series 1 + t H- t-^ + i-r-^ + .... plaj^s a very impor- 

tant part in the theory of logarithms. It is generall}^ represented 
by the letter e, and is taken as the base of the natural system 
of logarithms. Its numerical value can be readily computed to 
any required number of decimal places, since each term of the 
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series may be obtained by dividing the preceding one by the 
number of the term minus one. Carrying the approximation 
to six decimal places, we have 

1. 

1. 

0.5 

0.1666666 • 

0.0416666 The error in the approximation is 

0.0083333 less than one-eleventh of the last 

0.0013888 term we have used, and therefore 

0.0001984 cannot affect our sixth decimal place. 

0.0000248 

0.0000027 

0.0000002 

0.0000000 



6=2.718281-1-, correct to six decimal places. 

63. Let U8 iww remove from m the restriction we placed upon 
it when we supposed it to have none but positive integral values^ 
and suppose it to increase passing through all positive values. 
Let !x represent at any instant the integer next below m, then 
M -I- 1 will be the integer next above m, and as m increases it will 
always be between At and /* -|- 1 , unless it happens to coincide with 
/£ -1-1, as it sometimes will. We have, then, in general, 



/i<m</i-f-l. 



iV+^ 



■^ (-^)-<(-^)-<(-3 

••• JlriG + iy--t lie between ^ {^^^)' --^ 

limit j^^^iy-, 

/ , 1 Y V'^T+i) , limit vVmZ_ 






;t+l V + 1 
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('4r=(-3'(-j> 

hence Jf^l fl+i-)"=«- 

m=oo \ m J 

Again : let m be negative, and represent it by — r, 

- (-i)-=(-r'K^)"'=(^)'=(-.4Tj 
=(-,4Tr'(-^> 

-,J'.tl.('+.-=x)'"'('+.4l)-x' = «- 

We see, then, that alwaj's 



™'* fl + i y= c = 2.718281 + . 

= 00 ^ my 



limit 
m 



64. In Art. 59 we found that 
We have, then, 2>, logo? = -loge. 

X 

If by logx we mean, as we shall always mean hereafter, no^roJ 
logarUhm of ic, loge will equal 1, and 
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/>.logx = l. [1] 



X 



y 



ExponenticLl Functions. 
65. Required D^a*, a being any constant. 
Let u = a' 

and take the log of each member, 

logii = a?loga. 

Take D, of both members, 

D,u 

— =loga; 

2>,7« = wloga, 

2>,a'=aMoga. [1] 

If a = e ; since log e = 1, 

we have /),€• = €•. [2] 

Of course, A «" = a" 1<^ « Ay» 

and D,^-^D^y. 

Examples. 
Find D.w in each of the following cases : — 

(1) i* = e'(l-a5»). Ans. 2),w = e'(l - 3aj*-ar»). 

(2) t^^^LziT. ^n*. Z>^i^=- ^^ — -■ 
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(3) u = log(e'-|-e— ). Ans. D^u-. 



e' + e-' 



(4) u = -*-.. ' Ans. Z),u = ^(/-^)7^ 






1 



(6) w = log(loga;). Ans. D,u = 



xlogx 



(7) u = log jf —. Ans. D,u = - ^ 



(8) u = af. Ans. D,u=: of (logx-j-l) 

Suggestion. Take the log of each member before differen- 
tiating. 

(9) u = rf. Ans. Z),u = ^(^-jQg^) 



a* 

(10) w = e«*. Ans. D^u^e^e' 

(11) M = e^. ^ns. D,ti=ze^x^(l-\'\ogx) 

l-f-a;loga: 



(12) M = a<. u4ns. D^u=zQS^e^- 



X 

Trigonometric Functions* 

66. In higher mathematics an an^?e is represented numerically^ 
not by the number of degrees it contains but by the ratio of the 
length of its arc to the length of the radius with which tJie arc is 
described. 

Thus the angle is said to be equal to i!£^. If the arc is 
* r 

U described with a radius equal to the linear unit, 
this ratio reduces to the length of the arc. This 
method of measuring an angle is called the cir- 
cular or analytic system, as distinguished from 
the ordinary degree or gradual system. 
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The value of 360® in circular measure is obviously — or 2 r, 

2n TT 

and of 1** is —-- or -— -. Hence, to reduce from gradual to ciV- 
360 180 ^ J/ 

cidar measure^ it is only necessary to multiply the given number 
of degrees by j^. 

The circular unit is 'evidently the angle which has its arc equal 
to the radius, and its value in degrees is easily found. Let x 
represent the required value in degrees ; then 

.^ = JL and 0^ = 122:. 
360® 27tr n 

Hence, to reduce from circular to gradual measure^ we have only 

180 
to muUiply the ciixular value by 



67. Required l>,^8in:L. 

By our usual method, we have 

2> sinaj= limit \ ^\n{x^Ax)^f,mx ^ 
Ja;=0[; Jx y 

sin(ag + Ja?) — sina; _ sina; cos Ax -h oosa; sin Ax — sina? 
Ax Ax 

__ cosa sin Ax — sina;(l — cos Ax) 
Ax 

i>.8ina:= limit Jeosx^yL^- 8inxill^2s£^1 
Ja;=0L Ax Ax J 

= eosa? limit \^^^^1_ ^irix^xmii p-cosJa:! 
Ja;=0L Ax J Ja;=0 [_ Ax J 

But as Ja; =£: 0, sin Ja; = and cos Ja; s 1 , so both of our limits, 
in their present form, are indeterminate, and require special 
investigation. 



58 



DIFFERENTIAL CALCULUS. 



[Art. 68. 



68. Suppose an arc described from the vertex of the angle Jx^ 
D B with a radius equal to unity, then this arc 
measures the angle, and is equal to J^, and 
vV the lengths of the lines, marked s and c in 
\^ the figure, are the sinJa; and cos Jo;, respec- 
tively. 

limit f"4."l and ^ \^-^^^ 




1 — c A p 

WewishtofindJj2^^[-^^j--^^ 



sicAx<AB-^BD 
by geometry {vide " Chauvenet's Geometry'," Book V. Prop, xii.) . 
We have then AD <^Ax<AB^BD\ 

or, since «<AD, and ^B-f BZ) = 5-f 1 — c, 

«<Ja;<s-f 1-— c. 
But 5« + C*=l, 



l-c = 



1+c' 



and 
hence 



1 + c 
^ ^ 1 + c 



or 



1>4>; 



1 + c 



Jx l + c + «' 

and }^i»i* f-i-l must be between 1 and ^i™* f-J^i-l; but 
since, as Jaj= 0, « == 0, and c = l. 
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limit 



therefore 



nit r 1 + c l^^i. 
imit f BinJa; ! j^ 



limit 
Jx 



or 



T 11 1 — c 1 — c^ (l--c)(l-|-c) 

In bke manner, > >->— — '^ / 

' 8 ^ Ax «(l-f.c)-|-«* 



S ^1— _C^ 8 



1 + c Ja5 1 + c + s 



imit ri_^"l Ues between 1^™^* Tt-^I* or 0, and 

imit r^! 1 orO; 

a;=:OLl + c + «J' 

limit r i~00BJa ?1_Q 



therefore 



69. Substituting these values in Art. 67, we have 
Z>,sinx=eosa;. 

Examples. 

(1) Prove 2>,co8a;= — sina5. 

(2) Prove 2>, tana? = see* 05, 

2>,ctna;= — esc*aj, 
D, sec a? = tan a? sec a?, 
Z>,csca;= ■— ctnacsca?, 
sin a; 



from the relations 



tana;==- 



cosa? 
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ENTIA] 


L CALCULUS, 


ctna; = 


1 
tana?' 


secxsz 


1 
cos a; 


csca;=: 


1 



[Art. 70. 



(3) Given 
prove 

4) Prove 



sma? 
versa? =: 1— cosa?, 
Z>,versa? = 8inx. 

Z>,log8ina? = ctna?; 
Z),logcosa?= — tana; ; 
-D.logtana? = seca?csea? ; 
Z>jB log etna? = — 8eea?csca? ; 
Z>,logseca?=tana?; 
D, log esc a? = — etna?. 



Anti'Trigonometric Functions. 

70. In trigonometr}', the angle lohich has a sine equal to x is 
called the inverse sine or the anti-sine of x, and is denoted by the 
symbol sin""^ Hence sin""^a? means the angle which has a? for 
its sine, and is to be read anti-sine of a?. 

In the same way we speak of anti-cosine, anti-tangent, &c. 

71. To differentiate sin~^a?. 

Let y = sin~^a? ; then a? = siny. 

Differentiate both members with respect to a?. 
l=cos3^Z>,y; 
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cosy 
It remains to express cosy in tenns of x. 

siny = X, 
cos*y = l — a:*, 

cosy = V(l-«*); 



noe 


^■•^-«=v(.-^)- 




Examples. 


(1) Prove 


7> rni—^'T — 


^'^ V(i-«*) 


(2) 


^-*»°-'«'-i+«^- 


(3) 


n r^4-»— i/M — * 


I>,ctn as- ^^^ 


(4) 




^'^^^ ^ .:V(^-1) 


(5) 


D ORo-^T— ^ 


a;V(a!*-l) 


(6) 


Avers-'a;=— — 1 -. 



72. The anfe-, or inverse^ notation is not confined to trigono- 
metric functions. The number which has x for its logarithm is 
called the antUlogarithm of a, and is denoted by log^^a;; and, 
in general, if x is any function of y, }' may he called the corre- 
sponding anti-function of x, and the relation of y to a; will be 
indicated by the same functional symbol as that which expresses 
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the dependence of x upon y, except that it will be affected with 
a negative exponent, which, however, must not be confounded 
with a negative exponent in the algebraic sense. Thus, if a;=y2^, 
we may write y =/-*x. 

Any anti-ftmction can be readily differentiated, if the direct 
function can be differentiated, and by the method we have em- 
ployed in the case of the anti-trigonometric functions above. 

Let y=/-'a;, 

then «=/y; 

differentiate, and 1 = D^fy . D^y, 

1 



i>,y-' 



DJy 



or DJ-^x=z ^ 



DJy 

and it is only necessary to replace y in this result by its value 
in terms of x. 

73. Since, in the formula above, 

fy = ^^ 

we have D,y=—-; 

JJgX 

a result so important that it is worth while to establish it by 
more elementary considerations. 

Suppose X and y connected by any relation, so that either may 
be regarded as a function of the other. Let Ax and Jy be cor- 
responding increments of x and y. Then Jx may be regarded 
as having produced Jy, or as having been produced by Jy, ac- 
cording as we regard x or y as the independent variable ; and 
on either hypothesis they will approach zero together. 



By definition, ^^^^[t']' 
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7> ^= limit r^l 

Ax Ax ' 
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and 



limi 
Ax 



nit pyl 1 _ 1 

=OL^d limit fi!?"! limit ff!?"!' 



since Ax and Jy approach together. 



Therefore 



D.y- 



D^x 



Examples. 

Find D^u in the following cases : — 



(1) t^sssin'a;. 

(2) u = cosma;. 

(3) M = aje««». 

(4) tt = co8(sina;). 

(5) u = sin (log a;). 

(6) w= tana? -h a;. 

o 

(7) t* = (a«-f«')tan-^-. 

(8) tt = a5sin~^x. 



-4na. 2>,t£ = 28ina;cosa;. 

Ans. D,n= — wi sin 7Ha;. 

Ans. D,u ^e"^' {I— xsinx). 

Ans. />,?«= —cosa?sin(8inx). 

Ans. D,u =:-co8 (log a;) . 

X 

Ans. D,u = tan* a; 

Ans. D, u = 2a;tan""* - + a. 
a 

Ans. Z>,M=sin""*a;-f ^ 



1 



V(l-2a;-a*) 
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(10) u = taii-"— — ^- . Am. D^u-. ^ 



V(l-a^) ' V(l-a=') 

(11) M = sec-' ,, " . . Ana. £>.«= ^ 



V(a*-«*) • y/{a*-aF) 

(12) u = Bvar^^/^sinx). Ana. D^u=:^^J{l + cacx). 

(18) «-!«>- ji^ ^fa,. A" = j^ 



'»> — -'V(r5Sf)- 



-4w«. Z).tt = --. 
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CHAPTER V. 

INTEGBATION. 

74. We are now able to extend materially our list of formulas 
for direct integration (Art. 55) , one of which may be obtained 
fix)m each of the derivative formulas in our last chapter. The 
following set contains the most important of these : — 



2>.loga:=i 

X 

2>,a* = a*loga 

2>.sina; = cosa; 
2>,cosa?= — sina5 
2>.logsina;=ctna; 
i>.logcosa;= —tana; 

1 



gives /.- = loga?. 

X 



D^Bisr^xz 



V(i-a?) 



/,a*loga = a*. 

/,cosa5=sina;. 
/;(— sina5) = cosa. 
y;,ctna; = logsina;. 
/.(—tana;) = logoosa?. 



Atan-^aj== 



1 



1+a? 



i>,verfl~^a; = 



1 



V(2a?-ic«) 



/. 
/. 
/. 



V(i-^) 

1 



: sm"*a?. 



1 + a? 

1 



=tan~*a5. 



V(2a?-ir*) 



= vers~*a5. 



The second, fifth, and seventh in the second group can be 
written in the more convenient forms. 
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y;;sina;= — cosic; 
fgtajix = — logcosa;. 

75. When the expression to be integrated does not come under 
any of the forms in the preceding list, it can often be prepared 
for integration by a suitable change of variable^ the new variable, 
of course, being a ftmction of the old. This method is called 
integration by substitution^ and is based upon a formula easily 

deduced fix)m I>^{Fy) =Dj,Fy . D^y ; 

which gives immediately 

Fy=MD,Fy.Dj^). 



Let 






u=D,F)/, 


then 






Fy=/,u, 


and we have 






/,«=/.(«-D.y); 


or, interchanging x 


and 


y. 








/,u=MuD,x). 


For example, 


required 


f,(a + bx)\ 


Let 






z=a + bx. 


and then 


/.(a 


+ 6x)-=/.«-=/,(jf 


but 






z a 



Ci] 



by [1] ; 



hence /.(a + te)» = i /.z- = \ ^. 
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Substitating for z its value, we have 

n+ 1 



67 



»+i 



Example. 



Find/. 



a-^hx 







76. If/x represents a ftinction that can be integrated,/(a+te) 
can always be integrated ; for, if 

z= a + bxy 
then A« = T 



and U(a -h bx) ^fjz ^fJzD.x = lf,fi. 



Find 

(1) /.sinoop. 

(2) /^cosoaj. 
(8) /.tanoaj. 
(4) /.ctnodB. 



Examples. 



^Ins. 



. -cos oa;. 
a 



Ana. -sinoa;. 
a 



11. Required/^ 



^{a'^a?y 



/. 



,1 



=V. 



V(a»-«*) a 



>1['-(I)] 



Let 
then 



2=-, 

a 
a; = 02, 
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1 ^ 1 _1 . 1 _1 /» 1 7>y 



>i[-(s] 



V(l-r) a 



Examples. 



(^> ^'^' 



1 ,« 
a a 

78. Reqairedf^' 



Let 2 = a; + V(«* + a*) ; 

then 2 — ic = V(^ + <**)» 

2*— 22a; -1-0!" = a:* -I- a*, 
22a; = 22-a*, 



» = • 



zT' 



^ 1 _ /. 2g __ /. 22 r) 

>. 22 g^-l-a* -1 , , , /-= L^ 

Example. 



Find/, ^^ ■ ^n«. log(a; + VaJ* — a*). 
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79. When the expressUm to he integrated can be factored j the 
required integral can often be obtained by the use of a formula 

deduced fix)m 2>,(uv) = uD^v -|- vZ),v, 

which gives uv =^f^uD^v -^f^vD^u 

or f^uD^vszuv^fgVD^u. [1] 

This method is called integrating by parts. 

(a) For example, required /.logo?. 

logo? can be regarded as the product of logo? by 1. 

Call logo; s= u and 1 s D^v, 

tiien D.u = l, 

X 

and we have 

/.logaj =/. 1 logaj =/.ttA V = ^v -f^vD^u 

=B 05 log a; —X- = «loga5 — x, 

X 

Example. 
Find /,a? log a?. 
Suggestion : Let logo? = u and x = D.t;. 

80. Bequired/gSvafx. 

Let u = sino? and D^v = sino;, 

then DgU = cos a;, 

v= — cosa;, 
yisin'a; = — shia^cosa; -|-y;cos*aj ; 
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bat oos'apsB 1 — sm'o;, 

80 /iooB*a5s=s/;i— ^8in*a5 = x —f,em*x 

and X^mn^x = x — sinxoosx — yisin'o?. 

2fgam*x = 05 — sino^oosa;. 
f^Boufx = i (a; — sinxcoBxy 

Examples. 

(1) Find/^ooB'a;. -4ns. -(a; + siiifl;oosa;). 

z 

(2) /.BiniTooea!. -4n». £^. 

81. Fer^^ o/^era both methods described above are required in 
the same integration. 
(a) Required f^^xr'^x. 



Let 


mxr^x^y, 


then 


a?=smy; 




D^x = cosy, 




/.sin-^aj -Xy =/,y cosy. 


Let 


ti = y and i>,v = cosy; 


then 


Z),w = l, 




v = siny, 



and 
/,ycosy=sysiny— /,8iny=y8iny-f-cosy=aj8in-*a?+V(l— ^• 

Any inverse or anti-ftinction can be integrated by this method 
if the direct fiinction is integrable. 

(6) Thus,- fJ^^x^f.y-S.yD^y^yfyf.fy 

where y^f-^x. 
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Examples. 

(1) Pmd/,cos-*a?. Am. aJ00B-*» — VO — *^« 

(2) /.tan-*a?. An8. ajtan-*«-ilog(l + a5«). 

(3) yiverB"*a?. An8. (a?— I)ver8""*a5 + V(2 «—»*)• 

82. Sometimes an algebraic tranaformaUany either alone or in 
tombinaJtion with the preceding methods j is us^d. 

(a) Bequired/^-^ i* 

_i l.(A L.Y 

05*— a* 2a\a? — a x + a/ 
and, by Art. 75 (Ex.), 

(6) i?e?«<««*/.^(J4f)- 



my 



l+x _ 



V(l-«*) V(l-aO V(l-aO' 



yi—- -T- can be readily obtained by substituting y « (1 — a^, 

and is -.V(l-^) 5 

lience / //'i±|^ = sin-»» - V(l " «*) • 

(c) Required f^yl{a^'^ 9?). 

/• s_^ ^x _ g' — a?* _^ q' ^ g* 
'^^ ^ VCa*-*") -sjicf-^) y/(cf-a?)' 
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and /.V(a?_a*) = ay.-— i-__/.. ^ 



whence /.V(o« - a;*) = a'ain"** _/. ^^ 5* ■^ . by Art. 77 ; 

a V v** — * ^ 

but /.V(o*-aO = '«'V(a* -«*)+/. "^ 



(y tn<e<;vatum byparts^ if we let 

Adding our two equations, we have 

a 
and .•./.V(a'-«') = |(ajV?3^ + a«sin-*^Y 

Examples. 
Find 

(1) /.VC^^ + a*). 



(2) /.V(a^-a"). 

-4n«. |[ajV(a^-a*)-onog(aj + V?ir^«)]- 



88. To find the area of a segment of a circle. 
Let the equation of the circle be 

and let the required segment be cut off by the double ordinatea 
through (2:09^0) Ai^d (^9^) • Then the required area 

A=2/,y + C. 



Chap. V.] 



l^T£G£ATIOK. 



78 




From the equation of the circle, 

hence A = 2/. V («' - «*) -h C ; 

and therefore, b}- Art. 82 (c) , 

u4 = » V (a* - aJ*) -h a» 8in-» ^ -h C. 

As the area is measured from the ordinate ^o to the ordinate y, 
^ = when x^x^; 

Xq 

therefore =a o^ V(^*""^*) + "'''^'^~* a "^ ^' 

and we have 

u4 = a? 'y/(a* — 05*) + a'sin"^- — ■ a;© V(^*"- V) — a'sin"^— 

If a^ss 0, and t?ie segment begins with the axis o/ Y, 

X 

A=iX >/(«* — ^) + a'sin""^--' 
If, at the same time, xssa, the segment becomes a semicircle^ and 

A^a V(a* - a*) + a« sin" »55 «![£'. 
^ ^ a 2 

The area of the whole circle is wa*. 
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Examples. 

(1) Show that, in the case of an ellipse, 

the area of a segment beginning with any ordinate yo is 

aL a a J 

That if the segment begins with the minor axis, 

That the area of the whole ellipse is 7ra&. 

(2) The area of a segment of the h^'perbola 

a 

If ai^ s a, and the segment begins at the vertex, 

^ =r - [a? VC^* - a*) - a»log(aj +Vaj'-a*) + a»loga]. 

84. To ^nd <Ae ^€n^/^ o/ any arc of a cirde^ the coordinates 
of its extremities being (aJo,yo) an^ (a^^y) • 

By Art. 52, «=/.V[l + (Ay)']. 

From the equation of the circle, 

jB« + 3/« = a«, 
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we have 2a?+2y2>,y = 0, 

When « = a!bi sssO; 

hence = a sin~^ ;: + C', 



C= — asin""^-, 

and « = al8in ^- — sin *—)• 

V a ay 

If a\)= 0, and <^ arc w measured from the highest point of the 

X 

cirde, a = a8in""^-« 

If the arc is a qttadrant, x=sa, 

« = asin ^(1) = — , 

and the whole circumference = 27ra. 

85. To find the length of an arc of the parabola y* = 2 mx. 
We have ,^yD,y = 2m ; 

y 
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^''' = 7r;, = |-' by Art. 78; 

« = — /, Vm»+ y* = J-[y Vm' + y«+ m*log(y + Vm»+ y»)] +(7, 

by Art. 82, Ex. 1. 
If the arc is measured from the vertex, 

a = when y = ; 

0=r-i-(mnogm)+C 
2m 

^ 1 , 
(;= — -mlogm, 

Example. 

Find the length of the arc of the curve a?=:27f^ included be- 
tween the origin and the point whose abscissa is 15. 

Ans. 19. 
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CHAPTER VI. 



CXJBVATXJBB. 



86. The total curvature of an arc of a continuous curve is its 
total change of direction, and is measured by the angle formed 
by the tangents at its extremities. The mean curvature of an 
arc is its total curvature divided by its length. The ocfuo/ curv- 
ature of a curve at a given point is the limit approached by the 
mean curvature of the arc beginning at the point, as the length 
of the arc is indefinitely decreased. 




Thus, in the figure, the total curvature of the arc Pq P, or J5, is 
the angle ^, which is equal to t — r^ or Jr. The mean curvature 

is -I, and the actitdl curvature at Fq is 
As 



aait [—1=2) t 



limit 



87. To find 2>.t in any particular example, we must, in theory, 
begin by expressing r in terms of s by the aid of our old relations 

tanr=2),y, 
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together with the equation of the given curve ; but, in practice^ 
this part of the work may be avoided. By the aid of the rela- 
tions just referred to, r and s may be expressed in terms of x ; 
and, consequently, we may regard them as functions of x, and 
can obtain their derivatives with respect to x ; and thelt the de- 
rivative of either with respect to the other may be found by the 
following principle. 



88. If ^ is a Amction of a;, «nd ziaA function of a?. 



For 



limit r^l 
Ay limit r^"| ^^=0 






_ limit r^la- limit \'^=nz- 
JasiOLjyJ Jy=oLjyJ ' ' 

for Ja;, Jy, and Jz approach zero simoltaneously. 



[1] 



89. We have thus, if x represents the curvature at any point 



of the curve, 
Since 



x==Z>.r = 



D.r 



but 
and 



tanr=D,y, 

seiTT 
8ec*T = 1 + tan»T = 1 + (D.y)*, 



2),T = 



l+iD.yy' 
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and, as 


A«^V[i+(Ay)n» 


we have 


D!y 




^ = ±[l + (i>.y)r|l' 
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£ither the positive or the negative value might be chosen as the 
normal one. For reasons that will be evident hereafter, it is 
customary to use the negative one ; and we have 

~[i+(Ay)^i' 

(a) For example, let it be required to find the ewrvOtum of a 
straight line Ax+By+C=0 at any point. 

Differentiating with respect to x, we have 
_ A+BD.y=sO; 

D.'y = 0; 



i+(Ay) 







a result which mi^t have been anfddpated. 
(6) l%e curvature of a circle, 

2x + 2yD,y=20; 



"■"-V 
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^•^ y- - f "^ f --p' 

Hence the curvature of a cirde is the same at every pointy and is 
equal to the reciprocal of the radius. 

If a=l, 

and the unU of curvature is the curvature of the circle whose radius 
is unity, 

(c) The curvature of a parabola^ 

y^=: 2mx. 

_n^ (m* + y*)i _ m* 



X 



and is a fiinction of y, one of the coordinates of the point con- 
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sidered. From the form of x, it is obvious that the curvature 

is greatest when ^=^0; 

that is, at the vertex of the curve ; that it decreases as y in- 
creases or decreases, and that it has equal values for values of 
y which are equal with opposite signs. 

ElXAMPLES. 

(1) Required the curvature of the ellipse 






1 at any point. 



Ans, xss 



{b^^ + a'f)\ 



(2) Oftheh^-perbola ^-^ = 1. 
or Cr 



(3) Of the equilateral hyperbola 



Ana, x=z. 



(6V + oV)* 



Ans. X = 



(aj* + y*)« 



Osculating Circle. 

90. As the curvature of a circle has been found to be the 
reciprocal of its radius, a circle may be drawn which shall have 
any cur\'ature required. A circle tangent to a curve at any point, 
and having the same curvature as the curve at that pointy is called 
the osculating circle of the curve at the point in question. Its 
radius is called the radius of curvature of the curve at the point, 
and its centre is called the centre of curvature. 

From the definition of the radius of curvature, it is obviously 
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normal to the curve, and its length is the reciprocal of the curva- 
ture at the point. If p represents the radius of curvature, we 



have 



1 
/? = -. 

X 



Of course, p is generally a ftinction of the coordinates of the point 
of the curve, and changes its length as the position of the point 
in question is changed. 

EvolvJtes. 

91 . The locus of the centre of curvature of a given curve is the 
evolvle of the curve. 

Problem. 




Tofvnd the equaJtion of the evolute of a given curve 

Let P, coordinates (a?,y) , be any point of the curve, and P*, {x\y^y 
the corresponding point of the evolute ; v the angle made by 
the normal with the axis of x, and p the radius of curvature at 
P* p and r can be found from the equation of the curve, and 

v=r-90^ 

We see from the figure, that 

i»'=a5 — jocosv, 

y=:y — ^sinv: 
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P and V can be expressed in terms of x and y ; and then, with 

the given equation, y^fi^^ 

we shall have three equations connecting the four variables, x, y, 
x', and y\ We can eliminate x and y, and so obtain a single 
equation connecting x* and y\ the variable coordinates of any 
point on the evolute ; and this will be the equation required. 

92. For example : Let us find the evolute of the parabola 
f^ss2mx. 
tanT=I>.y = !^; 

tanv = tan(T-90**)=-cotr=-i!^; 

m 

COSvss ±. 



m 



sinv = ± — — -i? — -—. 

Since v is given by its tangent, it may always be taken less than 
180^ ; therefore we may take the positive value of sinv, and in 
that case, as tanv is negative, we must take cosv with the nega- 
tive sign : we have then 

C08v = . -»" 



We have seen, Art. 89 (c) , that 
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hence p^(m' + y»)*. 

mr 



a?'=a:-h 



m 



and these equations, together with 

are the equations of the evolute. 
Reducing, we have a?' = m -h So: ; 



whence x = - — ^ ; 

3 



and 2^'=-S' 



whence y=— (wi*y')*. 

Substituting in the equation of the parabola, we have 

(mV)»=?|?^(a;'-m). 
3 

o 

Reducing, m*y'^ = — rn?{x^— m)*, 



or, dropping accents. 



^ 27m ^ ^ 



the required evolute ; a semi-cubical parabola. 
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93. By expressing p and y in terms of x and y in the general 
equations of tiie evolnte of y =/c, 
we can throw these equations into a rather more convenient form. 

We have the values /» == - Ii±^^Ll?lT?, 

tanT=:i>,y, 
1 



and 



Reducing 



sini'ss 



tan •' = -—-, 

Ay 

coti' = — D^y. 
1 



COSI'ss. 



D.y 



^^^"^ D.^y '\l+{D.y)^V 

^^y + \±lD^ 



[1] 



Example. 
Required the evolute of a circle. Ana. x'=s 0, y's 0. 

94. To find the evoliUe of an ellipse^ 
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1 + iD.yr^'-^^^; 









Since ^ + ^=1' 

aV = «'&*(«*-*'); 

and h*a?=a^W{V-f). 

h*3? + a*f = ft*(a* - a^u? + l^x') , 
or a*(6*-6V + aY). 

'" = '" S* H^"^' 

y'=y-n ^, "' j4— 2^5 



y 



_ f b*y' Y 



Substituting in _ + ^ = 1 , 
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we have (^ «£LV+/^_^Y-1 ; 

or, dropping accents, 

(aa?)l + (6y)l = (a»-6»)l. 

Example. 

Find the evolute of the hyperbola ?. — ^ s= i. 

Ana. (a«)i-(6y)l = (a« + 6»)t. 

Properties of the EvoltUe, 

95. We have defined the evolute as the locus of the ceiUre of 
curvature of the cun^e. It is also the envelop of the normals 
of the given curve, as may be readily shown ; that is, every 
'normal to the curve is tangent to the evoltUe. Let v be the in- 
clination of the normal at the point (x^y) of the given curve to 
the axis of X, and r' the inclination of the tangent at the corre- 
sponding point (x^y') of the evolute. We have seen already 
(hat the normal at (x^y) passes through (x',^'), so it is only 
necessary to prove that t'= v. 

But tan r'=i>^y' 

and tanw= ----- — . 

Ay 

Hence we must show that D^ y'^ 



D.y 

By Art. 88, ^2^'=^'' 

since x* and y* may both be regarded as functions otx. 






Ml s, Ike 



f 



*. ^ ' = -- 



iMi te ftpwini » A ^^=:>^^^^ ^ ^- 



\ 
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But 






id 


Dy 






D, 
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by Art. 95 ; 

hence ^«'*-:^ [H-(^.y)^*- 

7>.r_ [l+(/>,y)']* ^3D.y(Z>.«y)«~ [l+C^.y)*] DM 
by Art. 95. 

[i±(A,y)T?. 



/'=-^ nn 



n ._ -[l-l-(I>>y)']* |3Z>,y(Z>,«y)«~[l + (I>.y)']i>,'yf . 

97. These two properties enable us to regard any curve as 
traced by the extremity of a stretched string unwound from the 
evolute^ the string being always tangent to the evolute, and its 
free portion at any instant being the radius of curvature of the 
curv^e at the point traced at that instant. From this point of 
view^ the curve itsdfia called the involute. 
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CHAPTER VII. 

SPECLAX EXAMPLES AND APPLICATIONS. 
The Cycloid. 

98. The cycloid^ a plane curve possessing very remarkable 
geometrical and mechanical properties, was first stadied just 
before the invention of the Calculus, and has always been a 
favorite with mathematicians. 

It is the curve described in space by a fixed point in the rim 
of a wheel as the wheel rolls along in a straight line ; or, more 
strictly, it is the curve described by any fixed point in the cir- 
cumference of a circle, as the circle, keeping always in the same 
plane, rolls without sliding along a fixed straight line. The 
rolling circle is called the generating circle, and the fixed point 
the generating point, of the cycloid. 

The curve will evidently consist of an indefinite number of 
equal arches, and can be cut by a straight line in an unlimited 
number of points. Its equation, then, cannot be of a finite 
degree, and so cannot be an algebraic equation. The curve is 
a transcendental, as distinguished from an algebraic, curve. 

99. As the arches are all alike, it will do to consider a single 
one. Its base is obviously equal to the circumference, and its 
height to the diameter, of the generating circle, and its right and 
left hand halves are symmetrical. 

We can get its equation most easily with the aid of an auxil- 
iary angle. Take as axes the base of the cycloid, and a per- 
pendicular to the base through the lowest position of the generat- 
ing point, and represent by 6 the angle made by the radius 
drawn to the generating point at sxiy instant, with the radius 
drawn to the lowest point of the generating circle. The arc 
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joining the two points just mentioned is ad^ by Art. 66, if a is 
the radius of the circle ; and this is therefore the length OT. If 
X and y are the coordinates of P, any point on the cycloid, 



x = a^ — asin^j 
yzsa — acosO j 



(^) 



and these may be taken as the equations of the cycloid. Of 
course, may be eliminated between these equations, and a 
single equation obtained, containing x and j^ as the only varia- 



bles. We get 



cos^= — I— » 



hence 



1 — cos^ = - = vers^, 



= vers-^-; 



s= vers" 



and 



sin^ = J(l — cos'^) = ± - V(2ay — 3/*) t 

a: = avers-^|TV(2ay-3/"), (B) 



where the upper sign before the radical is to be used for points 
corresponding to values of ^<?r, that is, for points on the first 
half of the arch, and the lower sign for points on the second 
half of the curve. 
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Examples. 

( 1 ) Discuss completely the fonn of the cycloid from equations. 
(^), supposing e to increase from to 2:r. 

(2) Discuss the form of the cycloid from equation (^), sup- 
posing y to increase from to 2 a. 

100. If our axes are lines parallel and perpendicular to the 
base through the highest ix>int of the curve, the equations have 
a slightly different form. Let B be measured from the highest 
point of the generating circle. 



and 



OT=AB^ae 



y= — a-hacos^ J 



(C) 




Examples. 

(1) Obtain equations (C) from equations (A) by transform- 
ation of coordinates, noting that the formulas required are 

y=z2a + y\ 

(2) Eliminate and obtain a single equation for the cycloid 
referred to its vertex as origin. 
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101 . The properties of the curve can be investigated from the 
equations involving e or fh>m the single equation. In the text 
we shall employ the former. We ought to be able to determine 
(1) the direction of the tangent and normal at any point of the 
curve ; (2) the equations of tangent and normal ; (3) the lengths 
of tangent, normal, subtangent, and subnormal ; (4) the curva- 
ture of the cycloid at any point ; (5) the evolute ; (6) the length 
of an arc of the curve ; (7) the area of a segment of the curve. 

(1> 102. 



aj=a^ — asin^. 




y=a — acosd, 




asinf^ sin^ 


2sinfcos| 


a — acos# 1 — co8<^ 


2sin»§ 



tanr = Ay = ^^ 

tani' = — cotr = — tan|. 

Since, as we have seen in Art. 99, 

sine^=iV(2ay-3/*) 
a 

and 1 — cos» = ??, 

a 

tanr canbe written =^lf— — 1 J, 
and Xatlvsz 



V(2ay-3/>) 
Since tanv=— tan|, 

V = :r — I by trigonometry. 

In the figure (see next page) , PTO being formed by a tangent 
and a chord, is measured by half the arc PT^ and therefore is 
equal to {. PTA^ then, is equal to v, and the line PT is a normal. 
Hence the normal at any point on the cycloid passes through the 
lowest point of the generating circle. The tangent must, therefore, 
pass through the highest point of the generating circle. 
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(1) At what point of the curve is the tangent parallel to the 
base of the cycloid? Perpendicular to the base? Where does 
it make an angle of 45^ with the base? 

(2) Obtain the values of tan r and tanv fVom equation (B). 



(2) 103. The equation of the tangent at the point {xo,yo) is 
by Art. 28, y-yo=cot| (aj-ajb), 

or y-yo=Jr^-lV»-ai)); 

of the normal, is y — y^^ — tanf (» — a^) , 



or 



y-.yo=- 



yo 



V(2ayo-yo*) 



(«-«b). 



Example. 

Show, from the equation of the normal, that it passes through 
the point (a0fi) , the lowest point of the generating circle. 



(3) 104. We have the formulas, 

*« = ."n — ' 
Ay 

w. = yAyi 
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« = yV[l + (Ay)T? (Art. 28); 

^ a(l-cos(?) 2a8in«| ^ . ,^ ^ 

hence «, = -^ 2 — ' = T = 2 a sin'ltanf • 

cot| cot| 

n,= a(l^coB^)cot|= 2asm'§cot.^ = 2a8in|co8^= asin^y 

t = 2 a sin'}tan| esef = 2 a sinf tanf . 

nss2a sin'jcscf = 2 a sin |. 

Since Ay=^(^"-l), 

the value of n may be expressed, 

n = -^(2ay). 

D «« = M^) = Zl£?^*= _ i-c8C*| 

[l+(D.y)»]i = csc»|, 
hence 

and /o=s- = 4a8inf=2n=2V(2oy) ; 

and the radius of curvature at any point is equal to twice the 
normal drawn at the point. 



«=J^C8C|, 



96 DIFFERENTIAL CALCULUS. [Art. 106. 

Examples. 

(1) Find at what points of the curve the curvature is great- 
est ; at what least. 

(2) Obtain the expression for the curvature from the equa- 
tion (B).' 

(5) 106. The equations of the evolute of a curve are 

D*y 
.j^,j I i+(i>.y)' I 



(Art. 93 [1]). 



Here 



C0t|c8c'| . 

a^=atf — osmff - — a/d — a8Uitf + 4o8in|co8j 



= a^ — asin<? -f 2a8in^, 

= a^-hasin^. 

esc'"* 
y'=a — acos^H = a — acos^ — 4a8in'| 

= a(l— cos^)— 2a(l— cos^)= — a + «cos^; 
and we have, as the equations of the evolute, 
aj'=a^-f asin^ ] 
y'= — a-facos^ J 

but these (Art. 100) are the equations of an equal c}'cloid re- 
ferred to the tangent and normal at the vertex as axes. The 
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cycloid and its evolute would be situated as indicated by the 
figure. 

The property of the evolute established in Art. 96 enables us 
to obtain easily the length of the arc of an arch of the cycloid 




The length of the half-arch of the evolute is the difference be- 
tween the radii of curvature at the highest and the lowest points 
of the given curve ; that is, 

[jo]»a»— [/»]e»o=4asin- — 4a8in0=s4a, 
and 8^ the whole arc,= 8a. 



(6) 107. The length of an arc of the cycloid can be found 

from the formula % =/.[! -h (i^.y)']* 

without using the evolute. 

We have ^. y = cot j, 

[l + (Ay)»]» = csc^, 
hence « =yLcsc| =sy^csc| D^x : 

but D^aj=2asm*|, 

and «=2a/^sin5. 
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Let 2J = I ; 

then D,e = 2, 

«s=2a/^sm2 = 2ay^8in2Z>,^= — 4aco82 + (7, 
s= — 4acos| + C 
If we measure the arc from the origin, s must equal when 

0=— 4acosO+C, 
C=4a, 
and we have « = 4 a(l — cos|) . 

To get the whole arch, let ^ = 27r, 

5 = 4a(l— co8;r) = 8a. 

(7) 108. For the area of a segment of the arch, we have the 
formula A =f^y + C. 

fxV = «/«(!— cos^) = a/^(l— cos^)i>giB = a%(l — cos^)* 
= a%(l- 2cos(? + cos*<?) = a'(/^l-2/^cos^ +/eC08* tf), 

/gcos^sssin^, 
fgCOQ^e = i{B -h sin ^cos^) 
[see Art. 80, Ex. (1)] ; 

hence -4 = a*[^ — 2sin^ + i(^ + 8in^cos^)] + C?. 
If the segment is measured from the origin, 
-4 = when ^ = 0; 
O = a2[0-O + i(O-fO)] + (7 
and G=0. 



Chap. VII.] SPECIAL EXAMPLES AND APPLICATIONS. 99 

The area of the whole arch is obtained by making 

0=27:. 

^ = a2[27r — 2sin2- + i(2:r -I- 8in27rco823r)]= 3 ffa*, 

so that the area of the arch is three times the area of the gen- 
erating circle. 

Example. 

Find the length of an ai*c and the area of a segment from the 
equation (-B). 

109. If the generating circle rolls on the circumference of a 
fixed circle^ instead of on a fixed line, the curve generated is 
called an epicycloid^ if the rolling circle and the fixed circle are 
tangent extemaUy^ a hypocydoid, if they are tangent internally. 
The equations of these curves may be readily obtained. Let the 




figure represent the generation of an epicycloid, P being the 
generating point and E the starting point. Call AOB^ 6 ; and 
PC Ay fp ; OB is x and DP is y. Let a and 6 be the radii of 
fixed and rolling circles. Then 
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y = (a + &) sin<? - bcos[<p -f^ - e\\ ; 



but the 


arcs A 


Psjid AE 


are equal, and 
AP^h<p, 


hence 






aB^hip 


and 






,=i,, 






9 


+ .=2f».; 



and the equations become 



a? = (a + 6)cos^ — 6cos^i^4-^ ^ 
y = (a + &)sin ^ - 6 sin^t^-^ ^ 





[1] 



The equations of the hypocycloid are, in like manner, found to 
be 



7i 

a; = (a — &)cos^ + 6cos— -- e 





[2] 



y = (a — 6)8in^ — 68in^^-? ^ 



Examples. 



(1) If 6 = a in the epicycloid, the curve is called a cardioide. 
Show that its polar equation is 

r= 2a (1 — cos^) 
when the starting point is taken as pole. 
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(2) If a = 4b in the hypocycloid, obtain the cartesian equa- 
tion of the curve by eliminating 0. Arts, as! + yl = a*. 

(3) If a = 2 6 in the hypocyloid, show that the curve reduces 
to a diameter of the fixed circle. 

(4) Prove by differentiation that the normal at any point of 
either epicycloid or hypocycloid passes through the point of con- 
tact of fixed and generating circles. 
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CHAPTER VIII. 

PROBLEMS IN MECHANICS. 

110. We have seen (Art. 12) that, if s represents the dis- 
tance traversed by a moving body in t seconds, and can be 
expressed as a function of ^ the velocity of the body at any 

instant v^^D^s, 

111. The acceleration of a moving body at any instant is the 
rate at which its velocity is changing at that instant. If the 
velocity is increasing, the acceleration is positive ; if diminish- 
ing, the acceleration is negative. We shall represent it by a, 
and it is evidently a function of t. Since the derivative of a 
function measures the rate at which its value is changing (Art. 

38) , we shall have « = D^ v = D^s^ 

since v=Dt8. 

For example : in the case of a body falling freely near the sur- 
face of the earth, we have approximately the law 

Here v = i>,s=32<, 

and a=D,v = i>,«s = 32, 

and the acceleration is constant and is equal to 32 feet a second ; 
that is, the velocity of the fall at any instant is 32 feet a second 
greater than it was a second before. The relations 

and a=DtV=^D,^s, 
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and the corresponding formulas, 

obtained by integrating them, are of great importance in prob- 
lems concerning motion. 

112. We shall assume the following principles of mechanics : 

(1) -4 force acting on a body in the line of its motion produces 
an acceleration proportional to the intensity of the force; and this 
acceleration m taken as the measure of the force. We speak of 
a force as a force producing an acceleration of so many feet a 
second; or, more briefly, as a force of so many feet a second. 

(2) The effect of a force in producing acceleration in any direc- 
tion not its own, is the product of the magnitude of the force by 
the cosine of the angle between the two directions; or, in other 
words, it is the projection of the line representing the force in 
direction and intensity upon the line of the direction in question. 

Problem. 

113. The force exerted by the earth's attraction upon any 
particle of matter is constant at any given part of the earth's 
surface, and is nearly equal to 32 feet a second. Let g repre- 
sent the exact value of this force at any given point of the 
earth's surface, required the velocity of a falling body at the 
end of t seconds, and the distance fallen in t seconds. Here a 
is constant and equal to g. 

V^f,a=zf^g = gt+G. 

If the body falls from rest, its velocity is when Hs ; 

= ^xO.-hC, 

0=0; 

and V = gt. 
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s =f,v :=zf,gt = gf,t=: igt^ + G. 

When t is 0, the distance fallen must be ; 
0=:igxO + C\ 

(7=0, 

and 8=igt^. 

If the body, instead of being dropped, had started with an initial 
velocity Vqi — for example, if it had been fired from a gun directly 
down or directly up, — we should have found a different value 
for C in the expression for the velocity. 







v:=^gt-^C; 


for now 
hence 


, when 


< = 0, 
Vo = gxO + Cj 


and 




v = gt + Vo. 




«=/,v = 


''Mg^ + vo) = ige + vot + 0; 


but as 




8=0 when t = 0, 
C=0, 


and 




s = igf + Vot. 


114. 


The equation 


a = g 


or 




D?s = g 



can be integrated by a second method of considerable interest 
and generality. Multiply both members by 2Z>,«. 

2D,8D,^s=2gD,8; 
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but 2D,sD*8z=zD,{D,8y ; 

hence f,2D,sD*s = (D,8y, 

and we have (A«)* = ^gft^t^ = 2^« + C 

or ^=2g8 + C. 

In the case of i^ falling body, when 

^=0, v = 0, and » = 0; 
hence C=0 

and v'=2gr«, 

i? = V(2^«)» [1] 

or Dt8 = 'sJ(2g8). 

We cannot integrate directly here, for the first member is a 
flinction of t and the second member a flinction of 8 ; but since 



A« = ^, by Art. 73, 



D.t^. ' 



Since «a:0 vhen t = 0, 

C=0 

and «=^(^). [2] 

It is easily seen that these new values for v and t are entirely 
consistent with those obtained in the last article. 
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115. If the force is any constant force /, instead of gr, we 
^ have merely to substitute /for g in the preceding 
results. For example, jtake the case of a body 
sliding without friction down an inclined plane. 
Here, by Art. 112, (2), the accelerating force 
in the direction of the motion is grcos (90® — ^), therefore 

a = Srsinsp, 
v = -^(2^sin^.«), 

and 



\\^sinsp/ 



when there is no initial velocity. In this case, the velocity and 
time are easily expressed in terms of the vertical distance 
through which the body has descended. Let OP be s, and 0-4, 
the vertical distance, be y. Then 

y = «sinsp, 

""\V^ssin7/ \\gy)' 

Substitute y for s in Art. 114, [1] and [2], and we get, as the 
velocity the body would acquire falling freely through the verti- 
cal distance y, and the time required for the fall. 



-V(¥)- 



We see the two velocities are identical; that is, the velocity 
acquired by a body descending an inclined plane is precisely 
what it would have acquired falling through tJie vertical distance 
it has actually descended. 
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- is the mean velocity of the body during its descent, and 

V 



i=s^f?Z\ for the inclined plane, 
=J(^) for the falling body. 



y 

t 

Hence the mean velocity of a body de^cendhig an inclined plane 
is equxxL to the mean velocity of a body which has fallen freely the 
same vertical distance, 

116. Let the figure represent a vertical circle. The time of 
descent of a body sliding down any chord is 




by Art. 115. If a is the radius, 

».sec(90**— ^) = 2a 



and ^ = 2 '^"^^ 



2gsec(90°-y) " 
9 



9J 

which is also the time a body would require to fall vertically the 
distance 2 a. Therefore, the time of descent down a chord of a 
vertical circle from the highest point of the circle to any point 
of the circumference is constant, and is equal to the time it would 
take the body to fall from the highest to the lowest point of the 
same circle. 
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Example. 

Show that the time of descent down a chord from any point 
of a vertical circle to the lowest point of the circle is constant. 

Pboblem. 

117. To find the velocity acquired by a body falling from a 
distance toward the earth under the influence of 
the earth's attraction. 

Here we cannot regard the attracting force as 
constant, as we do in dealing with small distances 
near the surface of the earth, but must take it as 
inversely proportional to the square of the distance 
of the body from the centre of the earth. Let E 
be the radms of the earth ; Tq the distance from 
the centre of the earth to the point at which the 
body started ; r the distance from the centre to 

Othe position of the falling body when the time t 
has elapsed. Let g be the force of the attraction 
of the earth at the earth's surface, and / the force 
exerted at P. 

Then we have - = -• 

9 ^ 

or /=^ = a. 

IT 

s^ the distance fallen in the time t, equals Tq — r. 
hence -A*r = ?5» 
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Multiply by 2D,r ; 2D,r D*r = ~ ^g^A*-, 

IT 



Integrate : 



:Ar__o„«/-i_2£^. 



and 1^2==-^ +0. 

When the body was on the ix>int of starting, its velocity was 
zero ; hence, when r = r©, v = ; 

and = ?|^ + a, 

and t;«=25f/p/'i-iy 

When the body reaches the surface of the earth, 

and • ^=2,i?(l-i). 

The greater the value of r^ in this result — that is, the greater 
the distance of the starting point from the centre of the earth — 

the nearer — comes to the value 0, and the nearer v* approaches 

to -^- or to 2gR. In other words, the limiting value of the 
R 

velocity acquired by a bod}' falling from a distance to the surface 
of the earth under the influence of the earth's attraction, as the 
distance of the starting point is indefinitely increased, is ^{2gR) . 
Let us compute roughty the numerical value of this expression. 
g is about 32 feet per second ; and as we use the foot as a unit 
in one of our values, we must in all : therefore R must be ex- 



110 DIFFERENTIAL CALCULUS. {Akt, 117. 

pressed in feet. B is about 4,000 miles, or 21,120,000 feet. 
y/(B) = 4,600, nearly. 

V(2^) = V(6^)=8. 

's/{2gE) = 36,800 feet, or nearly seven miles ; and our required 
velocity is nearly seven miles a second ; and neglecting the re- 
sistance of the air, this is the velocity with which a projectile 
would have to be thrown from the surface of the earth to prevent 
its returning. 

We can easily go on and get an expression for the time of the 
fall by a second integration. 



We have (A0'= 2^^fi - ^V ^9^' 



nr 



an expression to which we can apply the method of integration 
by parts. 
Let tt = r, 

then DrU = 1 ; 

and let D^v: 



^/(ror^r^y 
then v = vers-^— by Art. 77, Ex. (2). 

by Art. 79, [1]. 
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Let ^=?r, 

then Ar=!>. 

2 

/,vers-^^ = ^y,vers-^2 = ^« [(2 - 1) ver8-^2 + V(2« - «•)] 

by Art. 75, [1], and Art. 81, Ex. (8). Replacing z by its 

value, /rVers->ir=^r-|Ver8->?I + V(ror-r»). 

^^''^ - *=>((2^) [i'vers-?!- V(r.r- ^)] + C. 
When r = ro, < = ; 

Examples. 

(1) The mean distance of the moon from the earth being 
237,000 miles, find the velocity a body would acquire, and the 
time it would occupy, in falling from the moon to the earth's 
surface, neglecting the retarding effect of the moon's attraction. 

(2) The force of the sun's attraction at its own surface is 
905.5 feet; find the velocity a body would acquire, and the 
time it would occupy, in falling from the earth to the sun. 
Earth's mean distance = 92,000,000 miles ; sun's diameter = 
860,000 miles. 
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(3) Find the limit of the velocity a body could acquire fall- 
ing ttom a distance to the sun. 

(4) How long would it take Saturn to fall to the sun, 
Saturn's mean distance being about 880,000,000 miles? 

Problem. 

118. To find the velocity acquired under the influence of 
gravity by a body sliding without friction down a given curve, 
or in any way constrained to move in a fixed curve. 

Here the effective accelerating force is always tangent to the 
curve at the point the moving particle has reached. Suppose 



o 


sc 




\ 


\ 




V 

p 


7 




V V- 



the origin of coordinates at the starting point, and let tiie direc- 
tion downward be the positive direction of the ordinates. Of 
course, this will amount to changing the sign of D,y ; that is, 
will make r the supplement of its usual value. The acceleration 

a = ^COS^ s: ^COS (90^ — r) = ^sinr. 

Ay = tenT, 

l + (A3/)*=sec»r, 

^ -,= COS«r, 



[l + (Z).y)^4 



sinr. 
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hence a =:D?8 = ? "^ ; 

but [l + (X>.y)»]i =/).«; 

D*8^g^ = gD.y. 
Multiply' by 22), «: 

2 A»A*«= 2sr2>.yA»= 2sfAy- 

Int^rate with respect to tj and 

t;« = (/),«)» =2fi^ + (7. 
If the particle started fh>m rest at 0, 

v = when y = 0, 
and C=0, 

but this is precisely tiie velocity it would have ftcquired in falling 
fireely through the vertical distance y (Art. 114, [1]) . So we are 
led to the remarkable result, that the velocity of a material par- 
ticle, sliding without friction down a curve, under the influence 
of gravity, is the same at any instant as if it had fallen fireely to 
the same vertical distance below the stalling point. A special 
case of this has already been noticed in Art. 115. 

Example. 

Prove, fh>m the equation of a circle, and the equation of a 
chord through its highest point, that the time of descent is inde- 
pendent of the length of the chord. 

Problem. 

119. To find the time of descent of a particle from any point 
of the arc of an inverted C3xloid to the vertex of the curve. 
Taking the origin at the vertex of the curve, its equations are 
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y = a — acos^ J 



(Art. 100). 



Let yo be the ordinate of the starting point, and y the ordinate 
of the point reached after t seconds. Then the vertical distance 



fallenisyo — y» and v = ^/2g{yo-'y), 



by Art. 118. 



A(«o - s) = - A« = V29(2fo - y) ; 

1 



-^=/. 



-.A< = 



1 



^^9{yo-y) 



=./;- 



1 



V2gf(yo-y) ' y^9{yo-y) 



D,8; 



D,s^-Jl + {D,yy; 



D^^ssasin^; 
" Day sin6> ' 



a — « 
008. = -/; 
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2a — V 

sitf^ = l-co8*<?= ^— ^^ — - as q» ' 

2a 

by Art. 77 (2). When y = y,, < = ; 

hence = J^-) ver8-'(2) + C. 

vers~'(2) is the angle vhich has the cosine —1, that is, the 

angle tr. Hence, C= — ^|(-) t, 



and -«=^/f^Uvers- 



K9. 
When the particle reaches the vertex, 

y=o, 

ver8-»^ = 0, 
and 



i2y \ 

It I* 



'-'4!)- 
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As this expression is independent o/yo? the ordinate of the staHing 
pointy the time of descent to the vertex will be the same for all 
points of the curve. If a pendulum were made to swing in a 

cycloid, this time ^-vlf" ) ^^"^^ ^ one-half the time of a com- 



plete vibration, which would therefore be independent of the 
length of the arc. On account of this property, the cycloid is 
called the tautochrone curve. 



E^L^MPLE. 

120. It is shown in mechanics, that, if the earth were a per- 
fect and homogeneous sphere, and a cylindrical hole having its 
axis coincident with a diameter were bored through it, the at- 
traction exerted on any body within this opening would be pro- 
portional to its distance from the centre. Find the expression 
for the velocity of a body at any instant, supposing it to have 
been dropped into this hole, and the time it would take to reach 
any given point of its course. Compute (1) its velocity when 
half-way to the centre ; (2) when at the centre ; (3) the time it 
would take it to reach the centre, if dropped from the surface ; 
(4) if dropped from any point below the surface. Given g = S2; 
B, the radius of the earth, = 4,000 miles. 
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CHAPTER IX. 

DEVELOPMENT IN SERIES. 

121. A series is a sum composed of an unlimited number of 
terms which follow one another according to some law. If the 
terms of a series are real and finite, the sum of the first n terms 
is a definite value, no matter how great the value of n. If this 
sum approaches a definite limit a^ n is indefinitely increased^ the 
series is convergent; if not ^ it is divergent. The limit approached 
by the sum of the first n terms of a convergent series as n in- 
creases indefinitely, is called the sum of the series^ or simply 
the series. Thus, we may express the result arrived at in Art. 6 

by sajing the sum of the series l + i + i + J-l- is 2; or, 

more briefly, the series l + i-f-i + 4+ ■■ 2. 

Example. 

122. Takethe seriesl + a: + a5* + a'+ ^ ad infinitum. The 

series is a geometrical progression^ and the sum of n terms can 

be found by the formula s = ^^~^ 



Here a = 




and the sum of the series = , a definite value, and the series 

1— a? 

is, therefore, convergent. 
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Ifa:>l, aj* = 00 when n = 00 , 

and the sum increases without limit as the number of terms in- 
creases indefinitelj, and the series is divergent. The series 

1 -fa; + 3^4-0* + can be obtained from by actual divi- 

1 — x 

sion, biU the fraction and the aeries are equal only when x<l ; 

for has a definite value when x>l; but, as we have seen, 

1— a? 

the series in that case has not a definite sum. It ia very unsafe 
to make use of divergent series^ or to base any reasoning upon 
thenij for, from their nature, they are wholly indefinite. Con- 
vergent series, on the other hand, are perfectly definite values. 

It is easily seen that the* sum of the first n terms of a series 
cannot approach indefinitely a fixed value as n is increased, un- 
less^ as we advance in the series^ the terms eventually decrease; 
or, in other words, unless the ratio of the nth term to tJie one 
before it eventually becomes and remains less than unity as n is 
increased. This, however, affords onl}^ a negative test for the 
convei^ency of series, as a series may not be convergent even 
when each term is less than the term before it. 

123. The series we have just considered is an example of a 
series arranged according to the ascending powers of a variable, 
and such series play an important part in the theory of functions. 
We are naturally led to the consideration of terms of such a 
series whenever we attempt to obtain a function from one of its 

derivatives. Suppose i>»V(^ -f- A) = 2 

where A is a variable, Xq a given value, and 2;, of course, a func- 
tion of h. Let/* stand for Jf, &c., so that/** ^JT"^- 

Then m-'f{^ -f ^) =^1 +/»2, 

where Ai is a constant ; 

Dl''f{x,-^h)^A,-{-A,h^f^'z, 
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D:-*f(<^ + h) =^ +A,h + iAh*+ 2^^ A' +/»*«. 



f{x^+h) =A, + A-iA + i A-.A* + gV^-'*' "*" ■ 



-^ 2.8 (n-D ^'^'-'-^-^^'-^ 

and we have a set of terms arranged according to the ascending 
powers of h. Although, by increasing n indefinitely, we can 
make the second member above a true series, it does not by 
any means follow that every function can be developed into such 
a series. In the first place, it may not be possible to increase 
n indefinitely in the expression above, as the nth derivative of 
the function may become at last infinite or discontinuous, so 
that//2 cannot be dealt with. Next, the series may be a diver- 
gent series, and then it could not be equal to the definite value 
f{xQ + h), But the result is a remarkable one, and suggests 
the careful investigation of the development of functions in 
series. 

124. Assuming, for the moment, that/(iBb 4- /*) can be devel- 
oped into a convergent series arranged according to the ascend- 
ing powers of A, let us see what the coefiScients of the series 
must be. Let 

/(xo + h)=A'j'Aih -^A^Jv" -hA^hJ" -h +^^^* -f 



The function and the series are both functions of /i, and may be 
differentiated relatively to h. 



DJixo-h h)=Ai'h2A2h -^ SAjih^+4Aji^-\- -fw^^A*-»+. 



We shall find it convenient to adopt the following notation : 
Let /'a? stand for D^/x, fx for />.*/«, /<">« for Dj'/x. Let 
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fxot/^'^Xo stand for the results obtained by substituting x^ for x 
in fx^f^'Xy where x^ may be a single term or any complicated 
flmction. Let n ! (which is to be read n odmtmtibn) stand for 

Ix2x3x4x X n. 

CaU (05, + /*) = «, 

then DJ'(x^ + h)=D^x=DJxD^x 

=/'(a\. + A) D,{x^ + h) =f{x, + h) . 
In like manner, we could show that 

I>»'/(a\. + A)=/"(a!o + A), 
Dx'(<»o + h) =/<-> (aso + ft) , &c. 
f{Xo+h)=A+Ah+AJi*+--+AJi''- ; 
/'(a!i,+ft)= ^, +2JJi+:..+nAJi''-'+- i 
f\xo+h)= 2A,+ -+n{n-l)AJi'-*+-- ; 

/(•)(a!i,+ft)= »i!A+(n+l)n....2J,+ift+-. 

Let ft = in these equations, and we have 

/xo = Ao, /"%=3!^, 

fxo = At, /"Xo = ilA^, 

/"x,= 2A,, /««)ai,= n!^., 



hence 



A, = l/"xo, ^,= -L/<-)a^, 
2 n! 
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and /(a% + h) =/x, +hfx. + ^^f% + ^/'"aj^ + ^^/^x^ 

^/i^ + h) can be developed. 

Examples. 
(1) To develop (a'hh)\ 
Call (a + h) = x, 

then /x = af, 

/"a; = n(n-l)aj*-«, 
/"'a; = n(n - 1) (n - 2)aj— », &c. 

/"a=:n(n-l)a*-», 

/"a = n(n -1) (n - 2)a»-», &e. 

(a + fe)« =: a" + «a*-i A + n(n--l) ^^_,^, 

n(n^l)(n^2) , , 

i/* (a 4- h)" can 6e developed. 

(2) To develop sinA, 

sinA = sin(0 + A). 
Let aj = 0-|-A. 
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/c=sina5, yD = sinO = 0, 

/'aj=co8aj, /'0 = cosO = l, 

/"a? = — sina:, /"O = — sin = 0, 

/'"a:= - cosic, /"'O = - cosO = -1, 

f^x = sina;, &c. /^O = sinO = 0, &c. 

8in(0 + ft) = + * + 0.^-^ + 0.|l + |l + , 

3! 5! 7! 9! 
(fsinh ain be developed. 

(3) Assuming that cos/i can be developed, determine the 
series. 



125. Let us find what error we are liable to commit if we take 
/(xQ-j-h) equal to n 4-1 terms of the series (Art. 124, [1]). 
Let R be the difference between /(a^ -f h) and the sum of the 
first n +1 terms ; then 

Axo^h)=/xo + h/% + ^r%'\- -h-^f'^'xo+R, 

2 1 n\ 

» 

and we want to find the value of E. 



Lemma. 

126. If a continuous function becomes equal to zero for two 
different values of the variable, there must be some value of the 
variable between the two for which the derivative of the function 
will equal zero. 

For, in passing from the first zero value to the second, the 
function must first increase and then decrease as the variable 
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increases, or first decrease and then increase. If it does the 
first, the derivative must at some point change fh>m a positive 
to a negative value ; if the second, the derivative must change 
from a negative to a positive value, and in so doing it must, in 
either case, pass through the value zero. 



127. To determine R, 



Let P=JRh- 



(n + 1)!' 

then E = -/^——P, 

and 

or 

Call (xo-^h) = X; 

then h = X — x^^ and we have 

(nH-1)! '-■' 

Form arbitrarily the same ftinction of a variable z that the first 
member of [1] is of iCo, and call it Fz. 



Fz 



~ n! -^ (n + 1)! 
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If z = Xq^Fz becomes identical with the first member of [1] , and 
therefore = 0. 

If z^X,Fz=:0, 

since each term disappears from containing a zero factor ; and 
we have sacceeded in forming a function of «, which becomes^ 
equal to zero for two values, Xq and X of z. If Fz is continuous, 
there must be some value ofz between Xq and X for which F'js = 0. 
Differentiating Fz^ and remembering that P is constant, we have- 

n! n! 

All the terms but the last two destroy one another, and 

n! n! 

But this must be equal to zero for some value of z between Xf^ 
and X. [Such a value can be represented by Xo+0(X'-Xo) 
where 6 is some positive fraction less than 1, i.e., 0<^<1.. 
Substituting this value, we have 

n ! 

n! 
Whence -P=/"+*^[a!b + ^(X-ao)]. 
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where all that we know about is that it lies between and 1. 



128. The expression for the last term may be obtained in a 
different form by assoming at the start 

B = hP 

instead of B= , *'"^' . P. 

(n+1)! 

Making this assumption, show that 

/(a% + h) =A + hfx, + |^/"x, + 

n ! nl 

Since in each of these formulas Xq was any given value, we can 
represent it in the result just as well by x, and the formulas may 
be written 

/(x 4- A) =/x +7^^ + ^f'x + 

+ ^/(-)a, + -il^/<-+')(x + flA); [IJ 

fix + h) =/x + hfx + |l/''x + 

+ .^/c)a! + *""(\-<^)" /(«-<-')(x + M). [2] 

71 ! n ! 

and these formulas are known as Taylofa Theorem . 
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Example. 

129. To develop (2+1)*. 

Let us see what error we are liable to if we stop at the second 

term. 

/a;=aj*, /"'aj=24aj, 

/'ic = 4iB», /^a:=24, 

f'x=12si?, fx=:0. 

(2 +1)* = 2* + 1.4.2» + ^ 12(2 + oy. 

If ^ = 0, the last term is 24. If ^ = 1, the last term is 54. 
Hence, if we stop at the second term, our error lies between 24 
and 54. In point of fact, it is 33. Suppose we stop with the 
third term. 

(2-hl)*=2*+1.4.2» + ill2.2« + |i24(2+^). 

If ^=0, the last term is 8. If ^ = 1, the last term is 12, and 
the error must be between 8 and 12. It is actually 9. Suppose 
we stop with the fourth term. 

(2 + ir=2*-hl.4.2«-h|il2.2« + il24.2 + i^24. 
2 ! o ! 4 I 

Here the error is precisely — 24 = 1. 



Example. 

To find sin (0+1). 

Let n—1. 

fx = sina?, f^x = sina?, 

/'x=cosx, f^x^cosx, 

/"a; = — sinaj, f^x = — sina:, &c. 
/^"aj = — cosaj, 
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sin(0 -hl)= 1 - — -f — - ~ + — sin^. 
^ ^ 3! 5! 718! 



8! 



8 ! 40320 



mi is within nrjyn of the troe value of sinl. 

If in any development the general expression for the eiror 
decreases indefinitely as toe increase n, it follows that, as the 
number of terms of the series is indefinitely increased, the sum 
will approach as its limit the value of the function, which is 
therefore eqml to a series of the form obtained^ and is said to be 
developoMe. 

130. Let us consider some examples. 
To develop log(l + x) . 
Let2 = (l+a;). 

fz =log0, 

/'"2 = 2£r», 

/^;er=-3!£r-*, 

/(">;8f=(-l)«-'(n-l)!;8r'*, 

/(•+«;8f= (-l)»n!r-'— S 

/(1) = 0, 

/'(!)= 1, 

/"'(I) =2, 



or 
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/(«)(l) = (-l)-»(n-l)!, 
/<»+»>(H-<?a:) = (-l)»n ! (1+ ^)-*-^ 
By Taylor's Theorem, 

iog(i+a^)=x-|+|~^+ +(-ir-^J 

n-hl 

(-l)(n-l)aj 

The ratio of the nth term to the term before it is ^^ , 

n 

— [ 1 — \x. If a; is greater than 1 in absolute value, [1 — ja 

will eventually become and remain greater than unity as n in- 
creases, and the series 

X h 

2 3 4 

is divergent and cannot be equal to log(l + ^)* So we need 
only investigate the expression for the error for the values of x 
between -fl and —1. Suppose x is positive, and less than 1. 

Then (l + ^a;)~*~^ approaches zero as its limit as n in- 

n + 1 

creases indefinitely, for it may be thrown into the form 
-i- (-JLjy''\ Since a; < 1, — ?— < i f— 5_.V+i has 

zero for its limit as n increases indefinitely; as has also the 

factor . Hence, for values of x between and 1, 1<^(1 + a:) 

n +1 
is developable, and is equal to the series 

'' 2 + 3 4 + 

This is true even where a? = 1, for it is easily seen that, in that 

case also, ( ) approaches the limit zero as n in- 

n-i-lxl+exj 
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creases. If x is between and —1, the second form of the 
error, Art. 128, [2], is most convenient for our purpose. Let 
a; = — a;', so that x* is positive and less than 1. Then our Ainc- 
tion is log(l — a;') , and the series becomes 

2 8 n (l-ftr')*+* * 

x'*+^(l^ey _ x' /a?^- ftgV . 
(1-^a;')*-*-* l-ex'Xl^ex'J ' 

where is less than 1 ; 

l-0x' 

hence ^raU^(p:£E\=o, 

x' 
and as •, is a finite value, the expression for the error de- 
creases indefinitely as n increases, and the function is equal to 
the series. Our expansion 

log(H-a.) = a.-| + |-^ + 

holds, then, for values of a; between 1 and —1. 



Tfie Binomial Theorem, 
131. Todevelbp (l + a)-. 

Let £fss:l-^Xj 

fz^m^-^^ 

fz=:m(m'-l)sr'*, 

f"z = m(m - 1) (m - 2)£f— », 

/<«);ef=m(m — 1) (m-n-|-l)£f*-*, 

/»+')£f=sm(m-l) (m-tO-s^'""'. 
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ni)=m. 

/"(l) = m(m-l), - 
/"'(l) = m(TO-l)(m-2), 

/<">(l) = m(m-l) (m-n + 1), 

/•"+"(! + «!c) = TO(m-l) (m-n)(l+ftr)— "-». 

Bj- Taylor's Theorem, 

If m is a positive whole number, 

and all succeeding derivatives are 0, so in that case (! + «)"• is 
equal to the sum of a finite number of terms, namely (m + 1) 
terms. If m is negative or fractional, however, this is not the 
case. Let us see whether (1 +«)•* is then developable. The 
ratio of the general term of the series to the one before it is 

^""^"^ X or ( ^!lIL l)x. If a; is numerically greater than 1 , 

n \ n J 

this ratio will eventuall}' become and remain greater than 1 in 

absolute value as n increases, and the series is divergent and 

cannot be equal to the function. Hence we need examine the 

value of the error only for values of x between 1 and — 1. The 

expression for the remainder after n -f 1 terms is 



»— •»— 1 



which may be thrown into the form 

r«t(m-l) {m-n) ^+n I 

I (n + 1)! J(l+to)"+»- 
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As n increases, the limit approached by —— ; — • is not 

gi^eater than 1 . Increasing n by unity multiplies the quantity 
in parenthesis by ^""^'~ a?, which may be written 



\n-f2 n-h^y ' 



and by taking n sufficiently' lai^e, this multiplier may be brought 
as near as we please to the value —x. If x lies between and 1 , 
— a; is numerically less than 1 ; and as n increases indefinitely, we 
multiply our parenthesis by an indefinite number of factors, each 
less than 1 , and so decrease the product indefinitely. Therefore, 
for values of x between and 1 , the expression for the error 
approaches zero as its limit as n increases indefinitely, and 
(1 4- »)* is equal to the series 

l + mx + "^<^-^> a^ + ^(">-lMm-2) ^^ ^1^ 

Example. 

Show, by considering the second form for the error, Art. 128, 
[2], that for values of x between and —1, (l + a?)* is devel- 
opable. 

The Binomial Theorem follows easily from the development 
of (1 + «)"•. 

and if A is less than x in absolute value, we have 

(a;+/0"'=ar-fmar-^^4.^^^~^^ a?— *^« 

+ m{m^\)[m-2) ^.3^3 + ^ ^2] 

o ! 

no matter what the value of m. 
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Of course, if h is greater than a?, we can write (x + h)'* in the 
form ^*( 1 + 7) 9 ^^'^ sbc^l ^^^^ S^^ ^s A true development, 

(fe + a?)* = /r + mh'^-^x + 

Madaurin^s Theorem, 
132. If, in Art. 128, [1] and [2], we let a? = 0, we get 

/^=/(0) + hf{0) + ^/"(O) + 1^/'"(0) + 



/% =/(0) + h/\0) -h |^/"(0) + ^/'"(O) + 

n ! n ! 

It does not matter what letter we use for the variable in these 
formulas. Change h to a;, and 

fx =/(0) + xfiO) + ^/"(O) + + ^ /<->(0) 

fx =/(0) + 05/^(0) + ^/"(O) + + J/'"'(0) 

n! ■* 

These results are called Madaurin's Theorem^ and they enable 
us to develop a function in a series arranged according to the 
ascending powers of the variable. 
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133. To develop a'. 

/a; = a", /(0) = a"> = l. 

/'a; = a*l<«a, /'(O) = log«, 

f'x = a'{logay, /"(O) = (loga)*, 

/<•'« = a*(loga)«, /i">(0) = (loga)», 

/<•+»)» = a*(loga)»+>, /<"+»>*«! = a«'(l<^a)»+>. 
By Art. 132, [1], 

a' = 1 + a!loga + ^ (loga)« + ^^ (loga)» + + |J (logo)- 

af"^^(loga)*'*'^ ^a« — « fe ^logc^ ccloga alogg gloga gloga 
(n-hl) 1 "" i 2 3" n *n+l" 

No matter what value x may have, after n has attained a cer- 
tain value in its increase, some of the factors of this product 
will approach the limit zero, and the whole product will there- 
fore have zero for its limit as n increases indefinitely, and 

a' = l + xloga + ^{\ogay+^^(\ogay + [1] 

for all values of x. If a = e, loga = 1 , 

and e- = l-|-- + — -h — + — + [2] 

1 2! 3! 4! *■ "^ 

Let a; = 1 , and [2] becomes 

1 2! 3! 4! *• 

a result already established in Arts. 61 and 62. 
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134. We can now test the accuracy of the provisional devel- 
opments of sine and cosine given in Art. 124, (2) and (3). By 
Art. 132, [1], 

or ± 7 ---. cos Ox. 

(n + l)! 

In either case, one factor sin 6^2; or cos^x is between 1 and — 1, 
and the other approaches zero as n increases indefinitely ; there- 
fore, sina5 = aj- — -h — - — -h— - 

3 ! 5 ! 7 ! 9 ! 



Example. 
Prove that co8x = l-^ + |l-^ + ^-. 



135. By the aid of the Binomial Theorem, tan~*aj and sin~^a? 
can be very easily developed. 

Atan-^a;=-i.^ = (l-|-aJ*)-^ (Art. 71, Ex.) 
1 4-a^ 

For values of x less than 1, (1 + a^)~^ can be developed by Art. 

131, [2], (l + a?)'^ = l-a? + 3^^af + ix^^ 

Integrate both members. 

tan-. = C+.-f + f-f + f- 



To determine our arbitrary constant (7, let 

x=0; 
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then tan-*0 = C+0-^ , 

and C=0. 

tan-.. = .-f + f-f + f- [1] 

when X is less than I ; that is, when tan^^a; is less than -. 

4 

A8m-'a!= / = (1- !c«)-», by Art. 71. 

For values of x less than 1 1 (1 — a^)~ ^ can be developed by Art. 
131, [2]. 

yi ar; *^2 ^2.4 ^2.4.6 2.4.6.8 ^ 

Integrating 

^ ^2 3 2.4 5^2.4.6 7 
When a; = 0, 

8in""^a; = and C = 0. 

--""-i-y^i-mi- p^ 

Examples. 

(1) Show that sin(a; + h) is equal to the series 

h h* h^ h* . 
sina; + — eosa? — — sina — — oo8a; + — sinaj-f- 



(2) Show that 



«, - , mx , m^a^ , m'a^ , 
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136. Although the strict proof that any given function is equal 
to the series obtained by Taylor's Theorem requires the investi- 
gation of the remainder after n+1 terms^ it is often convenient 
to obtain terms of the series in cases where the expression for 
the remainder is too complicated to admit of the usual examina- 
tion. When such a series is employed, it is to be remembered 
that it is equal to the function in question only provided that 
the function is developable. Sometimes the possibility of de- 
velopment can be established by other considerations, and some- 
times in rough work no attempt is made to fill out the proof of 
the assumed equality. 

Examples. 

(1) Develop -^-l-logCH- a:). 

Ana. 2aj-|aj»-|-^a?-^ar*-|-f 0?* + 

2 3 4 5 

(2) Obtain 4 terms of the development of log( l+es'). 

Ans. log2-h5-hf "^ 



2» 2».4! 

137. In the work of successive differentiation required in 
applying Taylor's Theorem, a good deal of labor can often be 
saved by making use of LeibniU^s Theorem for the Derivatives 
of a Product, Let y and JS be functions of x. Represent 

Ay. A'y, A*y by y\ y", 2/^-> and A^i A*^, -».-£? by 

e*, 2", £K«). 

D^{yss)^y'z +y9f, 

D.\yz)^y"Z'^2y'z'+yz'', 

D.\yz) = y'"z + 3y"2'-|- 3y'2" + y^'", 

Dziyz) = jTz + 4y"V-|. ^y"z'*+^y'z''*+y:F. 

Examining these results, we see that the coefiScients of the terms 
in the successive derivatives are the same as in the correspond- 
ing powers of a binomial, and that the accents follow the same 
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law as the exponents in the powers of a binomial. Following 
the same analogy, we should have 

z \ 

I «(«-!)(»- 2) ^»-»)2'"+ 

^ 3! y » 1- 

Assuming for the moment the truth of this equation, let us dif- 
ferentiate both members. We obtain 

z>/+>(3/2)=y<"*"2+(«+i)y'«'+ ^"t^?" r-'2" 

It ! 
^ (n+l)n(n-l) y(,.^^;;;_^ 

but this is precisely what we should expect for the (n +l)8t de- 
rivative from the observed analogy. Hence, if our rule holds for 
the nth derivative, it holds for the (n-|-l)8t ; but we have seen 
that it holds for the 4th, therefore it holds for the 5th, and 
therefore for the 6th, and so on; and it is in consequence 
universally true. This rule is called Leihnit^^s Theorem^ and is 
formulated as follows : 

^ n(n-l)(n-2) y»-s,^m j-j-j 

138. Assuming that tana; can be developed, let us obtain a 
few terms of the series. Here 

/a; = tana;==y, 

fx = y* =sec*a?, 

f^x=y" = 2sec*a;tanaj= 2y'y, 

/^o? = y^= 2(y'"y + 2^"^'4- y'y") , 
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fx=y'= 2(y>»y+ 3y"'y'+ 3y"y"+y'y"'), 

f^x = y" = 2(y''y + 4y>'y'+ 6y"V'+ 4y"y"'+ y'y'O, 

/»»a! = y™=2(y"y+5y^y'+10y"y"+10y"y"+5y"y"+y'yO, 

&c., by Leibnitz's Theorem. 



When 


x = 


= 0, 




■ y=o, 






y" = o, 


• 3^=1, 






y-=16, 


y"=o, 






r=o, 


y"'=2, 






y™=272 


By Maelaurin's Theorem 









^3! 5! 7! 



Example. 
Assuming that seco; can be developed, show that 



— ^^+^+^+ 



Indeterminate Forms, 



139. The subject of indeterminate forms is readily dealt with 
by the aid of Taylor's Theorem. Take the form -. Suppose 
fx and Fx are functions of a?, continuous for values of a? near the 

particular value a, and fa and Fa are both equal to zero, to find 

fx 
the tj'ue value (vide Art. 34) of =^ when 05 = a. 

Call 0? — a = A, then x=ra + hy 

and we can develop fx and Fx by Taylor's Theorem. 
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fx ^f{a + K) =/a + hf{a + eh) 
where is some number between zero and 1. 

Fx = F{a + h)==Fa + hF'{a + e'h) 

where 0<^f<l. 

fx _ hf(a + 0h) _ f(a+0h) 
Fx " hF(a + d'h) ■" F{a + 0'h) ' 

since /a = and Fa = 0. 

As X approaches a, h approaches zero ; hence 0h and 0*h approach 

fx 
zero as their limit ; consequently the limit approached by "^ as 

Fx 

X approaches a, is ^^, which, by Art. 34, is the tme value of 

^. If fa = 0, i^a = 0, fa = 0, and F'a = 0, 
if a 

it will be necessary to carry the development one step farther. 
fx =.f{a + k) =fa + hfa + ^/"(a + eh) = ^^/"(a + 0h) , 

Fx = F{a + h) = Fa + hF'a + ^ r'(a + *»») = ^ F"(a + O'h), 

and ^^ /y + eh) . 

Fx F"{a + e%y 

which approaches ^-y- as its limit as x approaches a. 

Example. 

Show .that, if /a. Fa, /'a, -F'a, /"a, i?'"a, &c., /^— «a, and 

^»-^>a all equal zero, the true value of ^ when a; =s a is i- — -- 

Fx F^'^^a 

140. The reasoning of the last section does not apply when 
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a = «> , as then f{a + h) cannot be developed by Taylor's 
Theorem. 

fx 
To find the true value of •^ when oj = oo, supposing that 

Fx 

/c = and Fx^O when jc = «>. 
Let y = -, 

X 

then fx =/- and Fx = -F-, and 

- y y 

f- 

y 

— assumes the form -- when ^ s 0, 
F^ 

and its true value for y = will be • -"* 



[^^g... 



y y y f y 

D,F- = -\F>i. 

y y* y 

But the value of when y = 

d,fI 

y 

is the value it approaches as y approaches 0. 

y^ y* y _ y fx^ 

but when y = 0, a? = «> ; 

fx 
hence the true value of ^ when aj = «> 
Fa; 

is the value of{-^ when a; = oo ; 
i^'a? 
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and the method of the last section holds, no matter what the 
value of a. 

141. It was shown in Art. 35, that the form ^ could always 
be reduced to - and treated as above. Let us consider a general 
example. Suppose /a = oo and i^a =: oo , 

required the true value, of '^ when x=sa, 
^ Fx 

J_ 

fx Fx . 

^ = — = - when x=:a. 

Fx I 

Differentiate numerator and denominator. 

Fx (Fxy 
Hence we have, when x=a^ 

F^x 



fx _ {FxY ^ //a-y jpia- 



-fx 

^^fx F*x 
Fx fx 

and f±^fl^, 

Fx F^x 



the value required. Therefore the form — can be treated directly 
by the same method as the form --. In dividing both members 
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we have assumed that the true value of ^, when 

Fx 

is neither nor x> . Suppose the limit approached by ^ as 

Fx 

X approaches a is 0, and that fx and Fx increase indefinitely. 

Form the fUnction ^l±El, 
Fx 

Its true value when x=:ay is, of course, 1 ; 

but when cc = a, it assumes the form ^ ;^ 

hence its true value when xssa^ 

must be the limit approached by*^^ — ~ as x approaches a,. 



esis. 



fx 
If the true value of "^ when x=za 
Fx 

Fx 
is infinite, of course the true value of its reciprocal —- will be 

fx 
VFx'] 
zero, and will equal yr ; 

and the method of determining the form ^, established at the 
beginning of this section, is of universal application. 
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142. The forms oo**, 1*, 0®, can all be reduced to one of the 
forms abready discussed, if we make use of logarithms. It is to 
be observed^ that these forms to be indeterminate must all occur 
as limiting forms of a function of two functions; and, in order 
that the forms may admit of being determined, the two functions 
must depend upon the same variaMe, 

Let u = {Fx)^. 

Suppose, when . x=^a, 

Fx^ao and /x = ; 

to find the true value of u when x = a. 

\ogu=fxAogFx = X oo whenxssa^ 

and may be determined by the method of Art. 35. 

Examples. 

(1) Show that 1*, 0^, can be made to depend upon the forms 
00 X and 0( — x). 

(2) Obtain a method for dealing with the form oo — «>. 
Find the true value of the following functions : — 

(3) ^^ when x = l. Ans. 1. 
^ ^ x^l 

(4) SLl£l' »' a:=0. Ans. 2. 

sin a; 

(5) ^-^f'^ .. x = 0. Ans. -i. 

sin* a? 

(6) -i -i^ " aj=l. Ans. -1. 

logo; logo? 

(7) ^-2cosa? + e- ,, ^^^ ^,^^^ 2. 

a; sin a; 
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(8) ajtana? — -seca? when aJ = ^. Ana. —1. 

(9) 2'8m^ " a? =00. Ans. a. 
(10) (ai — l)a; " ic = oo. .4ns. loga. 



<"> (s«)' 



" a; = 00. ^ns. 1. 



(13) /^^??^y " a; = 0. Ans. 1. 

(14) C^^E^'j^ " x = 0. Ans. 6*. 

(15) (!i^)^ 



<* a5 = 0. 4ns. 00. 

(16) sinaj*"- " a; = ^. ^ns. 1. 



Maxima and Minima. 

143. Taylor's Theorem enables us to give a very simple and 
complete treatment of the subject of maxima and minima of a 
a single variable. 

Let yo; be a fhnction of Xj finite and continuous for values of 
X near the particular value a. 

Call a5 = a-t-7t. 

/{a^h)=/a + hra-^^^r{a + eh). 

/(a + h) -/a = //'a + |l/"(a + 0h). 
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In order that fa should be either ii maximum or a minimum, 

must have the same sign for small values of h whether h, is posi« 
tive or negative. If this sign is minus, fa is a maximum value 
oifx\ if plus, a minimum value {viM Art. 39). 

If fa does not equal zero, we can take a value of ^ so small, 
that, for it and all smaller values, 

A/"(a + tf*) 
shall be less than/'a. The sign of 

will then, as h approaches zero, ultimately become and remain 
the same as the sign of hf 'a ; but the sign of hfa changes with the 
sign of A, so that fa can be neither a maximum nor a minimum. 

144. Suppose fa = 0, 

then /(a + h) ^fa = ^f'a + ^/"(a + eh) 



= ^{^+|j/'>+^*)]; 



as h approaches zero — /'"(a + Oh) 
o ! 

f"a 
will, in the end, become and remain less than-^ — and the quan- 
tity in parenthesis will have the same sign as /'a. As h* is 
necessarily positive for all values of h 

f(a + h)--fa 
will then be negative for small positive and negative values of A, 
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if /"a is negative, and will be a maximum; if /'a is positive, 
fa will be a minimum. 

145. It can be easily established by an extension of the rea- 
soning of the last section, that, if the first derivative that does 
not vanish when x = &is of odd order ^ fa is neither a WAJximum 
nor a minimum; that^ if it is of even order and negative^ fa. is a 
m^aximum; if of even order and positive^ fa is a minimum. 

Examples. 

(1) A body moves with different uniform velocities in two 
different media separated by a plane, required the path of quick- 
est passage fh>m h given point in the first medium to a given 
point of the second. It is easily seen that the required path 
will lie in a plane passing through the two given points and 
perpendicular to the plane separating the two media. 




Let ACB represent any such path from A to B, Draw a 
normal to the plane at C and the perpendiculars p and q. Call 

and let Vi and V2 be the velocities in the first and second media 
respectively. 

AC=^p&ec0^ 

CE=i> tan ^, 
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J5C=gsec'»i, 

pt&n0 + gtan Oi = c. 

is the time required to pass from A to C; 
BC _ qaec0i 

is the time required to pass from CtoB; 

. P&qqO . gsec^i 
f = 1 

is the function we wish to make a minimum. and ^i are the 
only variables in ^ and they are connected by the relation 

p tan 0-^q tan 0^ = c. 

n a 

Dfl^ = — sec6»tan^ -f ^sec^itan^iDfl^i. 

Differentiate p tan 0-^q tan ^i = c. 

psec*^ -f qsec^OiDgffi = 0, 

^ ^ /jsec*^ 

^ qsea^Oi 

^ p q wsec*^ 

Dot=- secOtsinO — — sec^itan/^i 7 — -077- 
* Vi '^2 ^ sec* 01 

Dg t must equal zero in order that t may be a minimum. £z* 
press eveiything in terms of sine and cosine. 

p sin^ q sin^i p cos^^j^^ 
Vi cos^O Vj cos^^i q cos^^ 
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sin 6^1 "^Vj* 

By taking Dft and substituting 

sin^ _Vi 
sin^i""^ 

we should obtain a positive result ; so that this relation between 
the angles gives the path of quickest passage required. This 
result is the well-known law of the refraction of light, and our 
solution establishes the fact that a ray of light, in passing from 
a point in one medium to a point in another, takes the course 
that enables it to accomplish its journey in the least possible 
time. 

(2) What value of x will make sin^a^cosa; a maximum? 

Ans. a; = -. 
8 

(8) What value of a; will make sina;(l+ cosa;) a maximum? 

Ans. 05 = -. 
8 

(4) Show that rf is a maximum when x=e. 

(5) A statue a feet high stands on a column b feet high ; how 
far from the foot of the column must an observer stand that the 
statue may subtend the greatest possible visual angle? 

Ans. V6(a-f-6) feet. 

(6) Required the shortest distance from the point (xo^yo) to 

the line Ax-^-By-^C^O, 

Ans. -A«^+^yo+g 
^{A' + ff) 
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CHAPTER X. 

INFINITESIMALS. 

146. An infinitesimal or infinitely small quantity is a variable 
which is supposed to decrease indefinitely; in other words, it is a 
variable which approaches the limit zero. 

What we have called the increment of a variable has, in every 
case considered, been such a quantity ; and what we have called 
a derivative has been the limit of the ratio of infinitesimal incre- 
ments of function and variable. 

147. When we have occasion to consider several infinitesimals 
connected by some law, we choose arbitrarily some one as the 
principal infinitesimal. 

Any infinitesimal such that the limit of its ratio to the princi- 
pal infinitesimal is finite, is called an infinitesimal of the first 
order. 

An infinitesimal such that the limit of its ratio to the square 
of the principal infinitesimal is finite, is called an infinitesimal 
of the second order. 

An infinitesimal such that the limit of its ratio to the nth power 
of the principal infinitesimal is finite, is called an infinitesimal 
of the nth order. 

Let a represent the principal infinitesimal, and ai any infini* 
tesimal of the first order, a^ of the second order, a. of the nth 
order. Then, by our definition. 



limit — = IT, 



,? being a finite quantity. 



?=^+^ 
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where e is an infinitesimal (Art. 7) , 

limit -2 = ^ ; 
or ' 

Examples. 

Show, by the aid of these expressions, that the limit of the 
ratio of any infinitesimal to one of the same order is finite ; to 
one of a lower order is zero ; to one of a higher order is infinite. 
That the order of the product of infinitesimals is the sum of the 
orders of the factors, and that the order of the quotient of infini- 
tesimals may be obtained by subtracting the order of the denomi- 
nator from the order of the numerator. 

Show that, if the limit of the ratio of two infinitesimals is 
unity, they differ by an infinitesimal of an order higher than 
their own. 

148. The sine of an infinitesimal angle is infinitesimal ; for, 
as the angle approaches zero, the sine approaches zero as its 
limit. 

If we take the angle as our principal infinitesimal, the sine is 
an infinitesimal of the first order ; for we have seen that 



S'^[!^]-., (A«.68). 



The vers a is infinitesimal if a is infinitesimal, for 
vers a = 1 — cos a ; 
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and as a = 0, cosa = l; 

hence vers a ==0. 

It is an infinitesimal of a higher order than the first, for we have 

^x. * limit n- cos «! n /A^ fifix 

seen that ^_^q — =0, (Art. 68). 

Let ns see if it is of the second order ; that is, let us see if 
limit flziJ^l is finite, ln^ assumes the form 5 when 
a = 0, and we can find our required limit by the method of Art. 
139, which gives us - as the value sought. Therefore, when a is 
infinitesimal, versa is infinitesimal of the second order. 

Examples. 

Taking a as the principal infinitesimal, show that 

(1 ) tan a is an infinitesimal of the first order. 

(2) « — sin a is an infinitesimal of the third order. 

(3) tan tf — a is of the third order. 

149. Let y be an}- function whatever of a?, if we give x an 
infinitesimal increment Jx, the corresponding increment Ay of y 
will be an infinitesimal of the same order cw Jx, unless for par- 
ticular single values ofx. 

To establish this proposition, we must show that j ^q Ji 
is finite, j^^q jZ cannot be zero, except for single values 

ofx ; for, suppose it could become and continue zero ; j^™ a J" 

is D,yj and we have seen (Art. 38) that D^y shows the rate at 
which y is changing as x changes. If D^y becomes and remains 
zero, y does not change at all as x changes ; and, therefore, is 
not a function of x, but a constant. 
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Jfl^scO Jx ^*^^^* become and continue infinite ; for, in that 

**®®' JvsO Jv ^^^^'^ ^ ^®^' ^9^ would be zero, and Xy 
regarded as a function of ^, would be constant. 

Since jJ^a 'jZ can be neither zero nor infinite, it must be 
finite, and Jy and Jx are of the same order. 

150. If the coordinates of the points of a curve are expressed 
as functions of a third variable a, the distance between two infr 
nitely near points of the curve is an infinitesimal of the same order 
cm the difference between the values of a to which tJie points corre* 
spond. 

The ordinary equations of the cycloid, 



= a^ — asin^] 
ssa — acos^ J 



x^aO^ 

y 



are a familiar example of the way in which the coordinates of 
points of a curve may be expressed as functions of a third varia- 
ble. In the case of any curve, it is obvious that this may be 
done in a great variety of ways. Any two equations containing 
X, y, and a that wiU reduce on the elimination of a to the ordi' 
nary equation of a given curve^ can be used as equations of that 
curve. 

For example : 

[ are equivalent to «— 2y + 4 = 0; 
y^oi+2 J 

a; = acosa1 

> are equivalent to a* + y* = a* ; 
^ = asina J 



x = 

y 



= acosa] o « 

> are equivalent to — -h fs = 1 ; 
= 6slnaJ «* ^ 
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a^aseca] . . 

> are equivalent to —- — ^ = 1. 
2/ = 6tanaJ « 6» 

The proof of our proposition is as follows : Let a and a + Ja 
be the two values of a in question, and (aj,y) and (x + Jx,^ + Jy) 
be the two corresponding points. The distance D between these 
points will be, if we use rectangular coordinates, V(Ja5)'-h(Jy)'. 

We wish to prove that j^q j" P® ^^^^' 



D__ y/(Axy+{jyy _ If^Wf^y 

Ja Ja y\AaJ - \JaJ ' 

and, by Art. 149, Jj^^^ [^] and j^™*o [^] are both finite ; 

hence j^q j^ h® finite, and D is an infinitesimal of the same 
order as Aa. 



151. If ttoo curves are so connected that the points of one cor- 
respond to the points of the other ^ so that when a point of Hie first 
curve is given^ the corresponding point on the second is determined^ 
the distance between two infinitely near points on the first curve is 
an infinitesimat of the same order a« the distance between the 
corresponding points of the second curve. For, if we suppose 
the coordinates of the pointe of the first cur\'e expressed as 
functions of some variable a, the codrdinates of the points of 
the second cur\'e can also be regarded as functions of a ; and, 
by Art. 150, each of the distances in question will be an infini- 
tesimal of the same order as Ja^ and each will therefore be oi 
tiie same order as the other. 

152. If a straight line moves in a plane according to some law, 
so that each of its positions corresponds to some value of a varia- 
ble a, the angle between two infinitely near positions of the line is 
an infinitesimal of the same order as the difference between the 
correspor^ing values of a. 
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Suppose lines drawn through a fixed point parallel to the 
moving line in its different positions. From 0, with the radius 
unity, describe an arc. Consider any two positions of the 
moving line, and the corresponding lines at 0, we wish to 




prove that the angle <p between the latter is of the same order 
as the difference between the values of a to which the positions 
of the moving line correspond. As all the lines at O correspond 
to values of a, the points where they cut the circle correspond 
to values of a, and, by Art. 150, the distance AB between two 
of the points supposed to be infinitely near is of the same order 
as Ja. ^AB is equal to sin^ ; therefore sin 2, and consequently 

^ itself is an infinitesimal of the same order as Ja, and if 

limit 
J 



S[il "'""'• J2'o [*]"•»"'• 



153. A simple geometrical example of an infinitesimal of the 
second order is the perpendicular let fall upon the tangent at any 
point of a curve from a second point of the curve infinitely near 
the first. 

If, in our figure, the distance PP is taken as the principal 
infinitesimal, PT is readily seen to be of a higher order than 
the first, for 

FT 

ppj=smsp; 



and, since ^ == as P'== P, its sine = ; hence 
limit [iH- 



.limit r^l = 0, 
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and P'T is an infinitesimal of an order higher than that of PP', 
by Art. 147, Ex. 

To show that PT is of the second order, let us consider dif- 
ferent secant lines drawn through P, PT being itself one of 
these lines. Obviously, each one of these lines is determined 
in position when the abscissa of its second point of intersection 
with the curve is given ; and therefore the angle between any 
two infinitely near secant lines, -as PP and PT is an infinitesi- 
mal of the same order as the diflTerence between the correspond- 
ing abscissas, by Art. 152 ; but the distance PP is of the same 
order, by Art. 150 ; therefore, ^ and PP are of the same oixier, 
that is, of the first order ; sin^ is also of the first order, by Art. 
148 ; hence P'T, which is equal to PP' sin ^, is of the second 
order (Art. 147, Ex.). 

154. To determine the tangent at any given point of a cm-ve, 
we draw a secant line .through the point in question and an}- 
second pomt on the curv^e, and seek the limiting position ap- 
proached by this line as the second point approaches the first ; 
or, in other words, we seek the limiting position of the line join- 
ing the given point with an infinitely near point of the curve. It 
can be shown that this is also the limiting position of any line 
passing through the given point and a point whose distance from 
the second point of the curve is an infinitesimal of a higher order 
than the distance between the two points on the curve. 

Let P and P be two infinitely near points on p m 

the curve, and let PM be an infinitesimal of a 
higher order than PP, then the limiting ix)sition 
of PP as P'==P will be the same as the limiting position of 
PM; for, in the triangle PMP, 
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hence 
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P'M __ sin y , 
PP'*~sin^' 

P'M . , 



[Art. 155. 






and as by h^'pothesis, j"^* 

ppri-A [siny] must be zero. Therefore 
limit r T A 

and the two lines, PP' and PM^ approach the same limiting; 
lx)sition. 



155. This principle is frequently of service in problems con- 
cerning the position of tangent lines. For example : Suppose 
perpendiculars let fall from a fixed point to tJie tangents of a given 
curve ^ to draw the tangent at any given point oftJie locus on which 
the feet of these perpendiculars lie. 

Let M and M' be two infinitely near points of the given curve, 
and be the given point from which the perpendiculars are let 
faU ; then P and P are two infinitely near points of the locus in 
question, and the required tangent at P is the limiting position 
of the line joining P and P, Draw through M the line JfefP"' 




parallel to the tangent M'P'. If we take JOf' as our principal 
infinitesimal, P'P is an infinitesimal of the second order, by 
Art. 153, and PP' is of the first order, by Art. 151 ; conse- 



Chap. X.] INFINITESIMALS. 157 

quently (Art. 154) it will answer our purpose to find the limit- 
ing position of the line joining PP" ; but, since MP" and MPO 
are both right angles, P" lies on the circumference of a circle 
described on OM as diameter, and the required limiting position 
of PP' is that of a tangent to this circle at P, which is therefore 
the required tangent. Hence to obtain a tangent to the locus in 
question at any given point, we have only to join the correspond- 
ing point with 0, to erect a circle on this joining line as diameter, 
and to draw a tangent to the circle at the given point. Of course, 
the normal to this locus at the given point bisects the joining 
Une OM. 

156. Let us consider the locus of the feet of perpendiculars let 
fall fh>m the focus of an ellipse upon the tangents to the curve. 

Since the tangent to the required locus at P is tangent to the 
circle on FM as diameter, the normal at P passes through the 




centre C of the circle. Draw the focal radius FiM. Since the 
tangent to an ellipse makes equal angles with the focal radii 
drawn to the point of contact, 

TMFi=^PMC; 

PMO=^MPC, 

because MC and CP are equal ; 

r.MPC=TMF^, 

and PO is parallel to MFi ; it must then divide MF and FiF 
proportionally ; and as it bisects JfF, it also bisects FiF, and 
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consequently passes through the centre of the ellipse. Since every 
normal to the required locus passes through the centre of the 
ellipse, the locus is a circle concentric with the ellipse. It is 
easily seen that it must pass through the vertices of the ellipse. 
It is then a circle on the major axis of the ellipse as diameter. 



Example. 

Show that the locus of the foot of a perpendicular let fall from 
the focus upon any tangent is a circle on the transverse axis as 
diameter in the hyperbola ; is the tangent at the vertex in the 
parabola. 

Problem. 

157. Upon each normal to a plane curve a point is taken at a 
constant distance from the intersection of the normal with the 
curve; to find th£ tangent at any point of the locus thus formed. 

Let M and 3f be two infinitely near points on the given curve, 
P and P the corresponding points of the locus ; let 

MP^M'P'^a; 

call the angle between the normals, ^. Draw MJUT' and PP" 
perpendicular to the second normal. The required tangent is the 




limiting position of PP\ and the tangent at M is the limiting 
position of MM\ If MM^ is taken as the principal infinitesimal, 
PP' and <p are of the first order and M*3f^ of the second (Arts. 
151-153) . P'P" is of an order higher than the first, for 
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PT"= JITJf "+ iJf "P"- a, 

Jir'P"=aco8^; 

hence P'P"=3rj!f'' -a(l- cob^). 

^ being of the first order, 1— eos^ is of the second order by 
Art. 148 ; and as Jtf' ilf " is of the second order, P'P" is of at 
least as high an order as the second. By Art. 154, our required 
tangent will be the limiting position of PF^'^ and the tangent at 
K will be the Umiting position of JOf " ; but PP^' and JOf " are 
parallel always; therefore their limiting positions are parallel, 
and our required tangent is parallel to the tangent to the given 
curve at the corresponding point, and the curves are what are 
called parallel curves. 

Problem. 

158. An angle of constant magnitude is circumscribed about a 
given curve ; to draw a tangent to the locus of its vertex. 

The required tangent is the limiting position of the secant 
line PP. Draw through M and N lines MP", NP", parallel 
to the tangents at M* and N^. It can be shown that the sides, 
and therefore the diagonal, of the parallelogram P'P" are in- 
finitesimals of a higher order than PP', and therefore that the re- 




quired tangent can be found as the limiting position of PP". Since 
the angles at P and P" are equal, the point P" lies on a circle cir- 
cumscribed about MPN\ the limiting position of PP" is there- 
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fore the tangent to this circle at P. Our solution is, then, draw 
a circle through the vertex of the circumscribing angle and the 
points of contact of its sides, and the tangent to this circle at 
the vertex of the angle is the tangent required. 

Example. 

Show that the locus of the vertex of a right angle circum- 
scribed about an ellipse or an hyperbola is a concentric circle ; 
about a parabola is the directrix. 

159. In the preceding examples, the advantage we have 
gained in the use of infinitesimals has arisen tram the fact that 
we have been able to replace one infinitesimal by another related 
to it and more simply connected with the other values consid- 
ered in the problem. The possibility of such substitutions, and 
the limitations under which they can be made, form the subject 
of the following two theorems, which are of prime importance, 
and lie at the foundation of the Infinitesimal Calculus. 

Theorem. 

160. In any problem concerning the limit of the ratio of two 
infinitesimals^ either may he replajced by any infinitesim^al so related 
to it that the limit of the ratio of the second to the first is unity. 

Proof. 
Let a, fi^ a\ and /9' be infinitesimals so related that 

I at 

limit - = 1 and limit - = 1 . 

a /5 

a a' 

Then will limit - = limit — . 

- = ^ . ^ . ^ identically ; 
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hence limit- = limit ^ X limit ^ X limit—, 



limit 2 = limit— x 1 X 1 = limit—. g.E.D. 



fi" 



Theorem. 



161. In any problem concerning the limit of a sum of infini- 
tesimals^ prodded that this limit is finite^ any infinitesimal may 
be replaced by another so related to it tJiat the limit of the ratio of 
the second to the first is unity. 

Proof. 

Let «i-f«j-f«8 + -f«» 

be a sum of infinitesimals of such a nature that thQ number of 
the terms increases as each term decreases in absolute value, so 
that the limit of the sum is some finite quantity. 

Let fti, /?,, /^s, p^ be a set of infinitesimals so related to the fii'st 

set that limit— = 1 , limit— = 1 , &c. , limit— = 1 , 

^1 Pi Pn 

then — =:l-f.ej, -. = l-f £2, &c., -^ = l-heni 

£i,£2, «n being necessarily infinitesimal (Art. 7). 

i^i=«i-f «iei, 

/^» =«!•+«««», 

Pi'hft2-\' i\ -f + /'h = «1 -f '-'2 4- ^'3 + + ^n 

4- «1 ^1 + "2^2 4 «3^3 -f- + ' « ^w 
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Let 7j be such a variable that at any instant it shall be equal to 

the greatest in absolute value of the quantities e^ej, e^. Of 

coarse, since each of these approaches zero as its limit, yj must 
also approach zero as its limit ; i.e., 17 is infinitesimal. 

^i^i 4- «sc, -K«sC3 4- + «»fn<'? («i + «s + «8 + 4- O , 

hence Pi + Pt + Ps-^ +/'» — («i4-«s + a8+ + «») 

<'7(«i + «2+«3-f- -f-O- 

By hypothesis, limit(ai + a,+ + is finite; 

tlierefore, limit of 1? («! -f- ag + «$ -f- 4- a*) is zero. 

Consequently 
limit(^i + ^2-h^3 4- 4^«) = liinit(a, + a, + a3-h 4-«0- 

Q.E.D. 

162. If two injiniteaimals differ from each other by an infini 
teaimaX of a higher order ^ the limit of their ratio ia, unity. 

For, let a'-^a^iS^ 

where e is of a higher order than a ; 

a! e 

- = 14- -1 
a a 



limit- = 14. limit-; 
a a 

but, by hypothesis, limiti=:0, (Art. 147, Ex.); 



therefore limit ~ = 1 . 
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It follows that the theorems of Art. 160 and Art. 161 can be 
stated as follows : — 

In finding the limit of a ratio ^ or the limit of a 9um of infini- 
tesimcUSy any infinUeaim^l mxiy he replaced by one that differs 
from it by an infinitesim^ of a higher order. Or, in finding 
the limit of a ratio or of a sum of infiniteaimatsy any infinitesimal 
term may be neglected witJiout in the least affecting the result^ pro- 
vided that it is of a higher order than the terms retained. 

163. Let us take the problem of finding the direction of the 
tangent to a parabola. 

The tangent TT sX P is the limiting position of the secant 
through P and P\ Draw the focal radii FP and FP\ and the 
perpendiculars PR and P^8 to the directrix. Draw PM and 




P-y perpendicular to FP* and P*S respectively, and with F as a 
centre, and with the radius FP, describe the arc PQ. 

Take PP* as the principal infinitesimal, then P*M and P^N are 
of the first order, since the limit of the ratio of each of them to 
PP is finite. 

PQ is of the first order, by Art. 151, and MQ is of the second 
order, by Art. 153. 

P'5=:P'F, 

from the definition of a parabola ; 

PB^PF=:qF', 
.'.P'N=P'Q. 
P'M 



cosPP'F= 



PP'' 
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^^^'^=pp. 



cos TFF ^ limii 
cos T'PB F 



mit [coHFP'F ^^ limit [P^f] 
'^P[qosFF'S} P'=p\_F'N] 

=pS[?I] = '' by All. 162; 

.-. VFB^TFF, 

and the tangent at iiny point of a parabola bisects the angle 
between the focal radius and the diameter through the given 
point. 

164. To find the area of the sector of a parabola included be- 
tween two focal radii. Take points of the parabola between the 
extremities of the bounding radii, and join them with the focus, 
thus dividing the area in question into smaller sectors, of which 
the sector FPP' in the figure of the last article may be taken as 
a t^'pe. Draw perpendiculars ft-om the extremities of the bound- 
ing radii to the directrix, and consider the external area bounded 
by them, the directrix and the cun'e ; draw perpendiculars from 
the intermediate points already described to the directrix, and the 
external area will be divided into smaller curvilinear quadrilate- 
rals, of which FF'RS is one. No matter how close together the 
intermediate points are taken, the external area is the actual sum 
of these small curvilinear quadrilaterals ; it is then the limit of 
their sum as the number is indefinitely increased. If the distance 
between any two of the points, as PP', is taken as the principal 
infinitesimal, FN, F'N, FM, F^M, are all infinitesimals of the 
first order, since the limit of the ratio of each of them to FF^ 
is the sine or the cosine of a finite angle. The area of FF'RS 
lies between F'S X FN and NS X FN, and is therefore an infini- 
tesimal of the first order. Hence we have to consider the limit 
of a sum of infinitesimals where the limit is finite, and we can 
replace any one by one differing from it by an infinitesimal of a 
higher order than the first. The rectangle FRSN differs from 
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PP'RS by less than ti rectangle on PN and P*N\ that is, by less 
than PN x P'N^ an infinitesimal of the second order. Therefore 
the required external area^ which is the limit of the sum of infini- 
tesimal areas of which PP'RS is a type, and which we shall indi- 
cate by limit 2PP'RS {2 serving as a symbol for the word sum) , 
is equal to limit 2PRNS. 

The given sector is equal to the sum of the smaller sectors of 
which FPP' is a type = limit IFPP'^ each term here being an 
infinitesimal of the first order. Draw the straight line PQ. The 
triangle FPQ differs from the sector FPP* by less than a rect- 
angle on PM and MP\ which would be of the second order, and 
may therefore replace FPP* in the expression for our required 

area. 

PN 
limit ^=1, by Art. 163; 

consequently PM and PN diflTer by an infinitesimal of higher 
order than the first, and the triangle FPQ differs fh)m one-half 
the i*ectangle PRNS by an infinitesimal of higher order than the 
first, and may be replaced by ^PRNS. 

We have then, external area = limit^P^^^S", 

given BectoT= limit 2i PRNS ; 

and the given focal sector is equal to one-half the area bounded 
by the curve, the directrix and perpendiculars let fall from the 
extremities of the arc of the given sector to the directrix. 

InfinitesimcU Arc and Chord. 

165. Let us consider the relation between the lengtlis of an 
infinitesimal chord and its arc. 

Take the chord PP* as the principal infinitesimal, and draw 
the tangents PT and P'T. The arc PP' is ^ 

less than PT-^P'T and greater than the ><:X^l:>i=^^ 
chord PP'. The angles e and e* are infini- - p^-^]^ P^^^ 
tesimal. 
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-.-;*. 




-=W 




limit co8e = l, 


and 


limit cose'ssi ; 


therefore 


Umit^^=l 
FT 


and 


limit ■^'5- 1- 


Thus 


PM=PT+r, 


and 


P'M=P'T+r/, 



[Art. 166. 



where 17 and y^' are infinitesimals of a higher order than the first, 
by Art. 147, Ex. 

PM'hP*M=PT+P'T+yi + 7j\ 

or the difference between the sum of the tangents and the chord 
is of a higher order than the first. The difference between the 
arc and the chord is less than this, therefore the limit of the ratio 
of an infinitesimal arc to its chord is unity. 

166. It is customary to say rotighly that lines which make with 
each oth^r an infinitesimal angle, that is, lines which approach 
the same limiting position, coincide, and that finite values which 
differ by an infinitesimal or infinitesimal values which differ by 
an infinitesimal of a higher order, that is, volumes such that the 
limit of their ratio is unity, are equal; and this way of speaking 
is very convenient, especiall}'^ for preliminar}' investigations. It 
is important, however, to be able to put a proof given in this 
form into the more exact language of limits. 

It is easily seen from what has just been said, that the line 
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joining two infinitely near points of any curve^ can^ speaking 
roughly^ be regarded at pleasure as ckord^ arc^ or tangent^ so that 
an infinitesimal arc can be treated as a straight line. 

167. As an example of this loose form of proof, let us show 
that a tangent to an ellipse makes equal angles with the focal 
radii drawn to the point of contact. 

Let F and P' be two infinitely near points of the ellipse, th^ 
PP' is the tangent in question. From F and F^ as centres, draw 




the arcs FA and F'B ; FA and F'B being infinitesimal arcs, are 
straight lines, and FAF' and F*BF are right angles, since the 
tangent to a circle is perpendicular to the radius drawn to the 
point of contact. 

P'P-hPP=F'P'+P'P, 

by the definition of an ellipse. Take away from the first sum 
PP-f-BP, and we have left FB; take away from the second 
sum the equal amount F^A + F^Fy and we have left FA ; 

r.FB^F'A; 

and the right triangles FAF' and FBF* have the h3'pothenuse 
and a side of the one equal to the hypothenuse and a side of the 
other, and are equal ; and the angle 

FFF'=F'F'F; 

but the lines F'F' and F'F coincide, so that the angle F'F'F is 
the same as the angle F'FT ; and 

.'.F'FT=FFF\ 
and the tangent makes equal angles with the focal radii, q.e.d. 
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Example. 

Prove that a tangent to an hyperbola bisects the angle between 
the focal radii drawn to the point of contact. 

168. To find the area of a s^ment of a parabola cut off by a 
line perpendicular to the axis. Compare the required area with 
the area of the circumscribing rectangle. We can regard the 




75 "3 



i". 




first as made up of the infinitesimal rectangles of which PMU8 
is a t^'pe, and the second of the corresponding rectangles of 
which QNPR is one. Draw the directrix. 

PF=^SD2indD0=^0F, 

by the definition of the parabola ; but 

PF^FT by Art. 163; 

.-. TO=OS. 

The triangles P'MP and PST are similar, and 

P'M ^ PM^ PM . 
PS ST 20S' 

hence PM xPS=20Sx P'M=^ 2PRQN, 

or rectangle PU= 2PQ ; 

.'.2PU=22:PQ, 
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and the segment in question is twice the external portion of the 
circumscribing rectangle, and, therefore, is two-thirds of the 
whole rectangle. 

Example. 

Pi-ove the theorems of Arts. 167, 168, strictl}', by the method 
of limits. 



169. The properties of the cycloid can be very simply and 
neatly obtained by the aid of infinitesimals ; though, for this pur- 
pose, it is better to look at the curve fVom a new point of view. 

Let a fixed circle equal to the generating circle be drawn tan- 
gent to the base of the cycloid at its middle point ; through the 




generating point P, draw PQD parallel to the base. From the 
nature of the cj'^cloid, the arc 

PJr= ON and OB = ACB, 

PQ = NB=^ OB- OJVr= ACB- QB = ACQ. 

Hence points of the cycloid can be obtained by erecting perpendicu- 
lars to a diameter of a fixed circle^ and extending each until its 
external portion is equal to the distance along the arc of the circle 
from the perpendicular in question to a given end of the diameter. 



170. The tangent to the cycloid passes through the higJiest point 
of the generating circle. 



[Art. 170. 




Bough Proof. — Let P and P* be infinitely near, then PP is 
the required tangent ; through P'draw an arc parallel and simi- 
lar to QQ'. This arc ma}' be regarded as a straight line. The 
triangle PPM is isosceles, since 

eP= ACQ and MQ = P'Q'= ACQ\ 

hence PM=^ QQ'= MP ; 

.-. the angle PPM= P'PM. 

P'M is parallel to the tangent at P to the generating circle, hence 

PpfM=. TPT, 

and PT bisects the angle MPT\ bisects the arc PT8, and con- 
sequently passes through the highest point of the generating 
circle. q.e.d. 

Strict Proof, — Draw the chord P'Jlf, and regard PP* as- a 
secant line ; in the triangle PP'M we have 

sin PP'Jtf ^ PM 
smTPM PM" 

y .. sinPPM y ., PM 

.'. limit . ^^,^ = limit --7— r 

sinTPJIf P'M 



The 



BxcP'M^PM, 



and the chord P'M differs from the arc by an infinitesimal of a 
Jiiocher order than that of the chord. 
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limit- 



PM 



.= limit 



PM 



1, 



chordP'Jf arcP'Jf 

hence limitPP'Jf = limit TPM. 

The limiting position of P'M is the tangent PT ; 

. • . limit TPQ = limit TPT, 

and the tangent passes through the highest point of the generat- 
ing circle. 

The Area of the Cydoid. 

171. Battgh Investigation. — Circumscribe a rectangle about 
the cycloid, and its area is evidently equal to the circumference 
of the generating circle multiplied by its diameter ; that is, to 
four tidies the area of the circle. The area of the cycloid is 



lira b 




this area minus the area of the external portion of the rectangle. 
The external area ANO ma}' be divided into trapezoids, of which 
abPP* is any one. The tangent PP' passes through the highest 
point of the generating circle, and is a diagonal of the rectangle 
TaPc^ Tc being a diameter. From geometry, 

ahP'P^cdP'P, 

which is equal to Qg ; therefore the sum of the trapezoids abP'P 
is equal to the sum of the corresponding rectangles Q^, or the 
external area ANO is equal to the semi-circle ACB : but ANO 
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is half of tlie external portion of the circumscribing rectangle ; 
consequently, the area of the cydoid is three times the area of 
the generating circle. 

Strict Proof — The external area is the sum of the curvilinear 
quadilaterals of which abP'P is any one ; that is, 

area = IabP'P=^ UmitlabP'P^ limit laftAP, 

for abhP - abP'PK eP'hP, 

which is of the second order. P'P" is of the second order, since 

N a b'b T A 




it is proportional to the distance from P' to the tangent at P 
(Art. 153); therefore bhhV is of the second order, and 

limit2'aMP= ]xm\iIab%'P. 

ab'h'P=edcP=Qg, 

hence the external area = limit IQg =s area of ACB. 



Length of an Arc of the Cycloid. 

172. Rough Proof. — The arc AP is equal to the sum of the 
infinitesimal chords of which PP' is one. The chord AQ is the 
sum of the differences between each chord and the one drawn to 
a point of the fixed circle above the point in question and in- 
finitely near it ; Q8 is such a difference, hence 

arc^P= IPP' and chord^Q= TQ.S. 
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PP' and QR are equal, Q!QR= QfBQy 



by Art. 170, 



and QQ^R is isosceles. Q!8y an infinitesimal arc descril>ed from 
^ as a centre, may be regarded as a straight line perpendicular 
to QR^ and therefore bisects QR^ and 

PP'= 2QS, 

IPP'= 2IQS. 

Arc AP= 2 chord AQ. 

The arc^O=2^1J5, 

and the whole arc of the cycloid is eight times the radius of the 
generating circle. 

Strict Proof —P*P", Q'T", and US are infinitesimals of the 
second oixler, each being proportional to the distance fh>m a point 



r. {p-fp/ 


f > 


Tx 




yW^ 


J \ 




^ *\^ 


y \ 


I"" \ 


\ J 


5 



of a curve to the tangent at a point infinitely near. Vv is also 
of second order, as it is the projection of QT" on AQ,. 
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The arc AP= limitrPP'= limitrPP", 

since, in triangle PP'P'\ 

PP'^PP"<P'P'\ 
Tbe chor^AQ=^IQS; 

= \\m\iIQS^\\m\\,IQU=\\m\iSQV. 
But the triangle QT'*B is isosceles, hence 
QV=iQR^iPP"; 
and, as arc .4P= limit 2PP", 

arc-4P=2chord-4Q. q.e.d. 



Radius of Curvature of the Cycloid. 

173. Bough Investigation, — The centre of curvature for P is 
the intersection of the normal at P with the normal at P. 

PX, P'X, and PP' are parallel to QB, Q'B, and QS respec- 
tively, hence the triangles PP'X and QSB are similar. The angle 




Q is a right angle, the angle B is infinitesimal ; the angle QSB 
differs from a right angle by an infinitesimal, and may be re- 
gaixled as a right angle. Therefore, by Art. 172, 
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atid the radius of curvature is twice PN, the portion of the normal 
within the generating circle. 

Strict Proof, — The centre of curvature is the limiting posi- 
tion of X. 

T A 




PP^'T is similar to QEB, hence 

^' = ^' and Hmit^' = limit ^, 
QB QB QB QS 



(1) 



Let PP* be the principal infinitesimal, then P'P" is of the second 
order ; therefore, in ( 1 ) , PX can be substituted for PX *. BQ'S 

is similar to BQB, hence ^ = ^. 

QB QB 

QB and QS are infinitesimal, QB is finite, BS is of the second 
order, and QS can be substituted for QB in (1), and 

linjit— = limit :^^: 
^ QB QS 

ppff 
but, by Art. 172, limit ^^ = 2 ; 



limit PX= 2QB = 2PN. 



Q.B.B. 
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Evolute of the Cycloid. 
174. Extend the diameter TN to N*^ making 

and draw a circle on NN* as diameter. The centre of curva- 
ture Z, corresponding to P, will lie on this circle, since 




Draw a tangent to the second circle at iV', drop a perpendicular 
from to this tangent, and lay off B'O' equal to one-half the 
circumference of the generating circle. 



The 



SircPN= 0N= B'2>r ; 
.-. thearciV^'X=i^;0', 



and X lies on a cycloid equal to the given C3'cloid, having its 
origin at 0' and its highest point at 0, and this must be the 
evolute required. 



Chap. X.] INFINITESIMALS. 177 

Examples. 

175. (1) From a point situated in the plane of a plane 
curve, radii vectores are drawn to different points of the curve, 
and on each one a distance is laid off from inversely propor- 
tional to the length of the radius vector ; to determine the tan- 
gent at any point of the locus of the points thus obtained. 

(2) Take any two curves in the same plane, and consider as 
corresponding points those at which the tangents are parallel ; 
draw through a fixed point lines equal and parallel to those 
uniting corresponding points of the two curves. Prove that a 
tangent to the locus of the points thus obtained is parallel to the 
tangents at the corresponding points of the given curves, and 
that any arc of this curve is the sum or difference of those which 
correspond to it upon the given curves. 

(3) From a iM>int radii vectores are drawn to a given curve, 
and each is extended beyond the cur\'e by a constant length. 
Prove that the normal to the cun^e on which the extremities of 
the radii vectores lie, the normal at the corresponding point of 
the given curve, and the perpendicular through to the radius 
vector of the point, have common intersection. 

176. To show the power of this method of infinitesimals, we 
shall give an investigation into the nature of what is called the 
BrachistochroTie, or Curve of Quickest Descent. The problem is 
a famous one, and the Solution below is in effect the one given 
by James Bemouilli, and is very much simpler and .more ele- 
mentary than the usual anal}iiical solution which requires the 
use of the Calculus of Variations. 

The problem is, given two points not in the same horizontal 
plane, nor in the same vertical line; to find the curve down 
which a particle moving without friction can slide in the Uast time 
from the upper point to the lower, the accelerating force being 
terrestrial gravitation. 

Let us first consider a simpler question : To find the path of 
quickest descent on the hypothesis that it is to consist of two 
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straight lines intersecting on a givenhorizontalplanej 
assuming that the particle moves down each line 
tvith a uniform velocity equal to the mean velocity 
with whidi it tvould actually descend the line in 
question. It is easily seen that both lines must 
lie in the vertical plane containing the two given 
points. 

Let PNF* and PMP* be two paths of equ^al time 
from P to P'. Then the required path must lie 
between them. If we suppose them to approach^ 
continuing still paths of equal time, the required 
path of quickest descent will be the limiting posi- 
tion of either of them. Let v be the mean velocity 
of a particle sliding from Pto M; then, by Art. 
115, V will also be the mean velocity of a particle 
sliding from P to -^. 
Let Vi be the mean velocity of a particle sliding from M to P', 
supposing that the particle started from M with the velocity 
actually acquired by sliding down PM; then Vi is also the mean 
velocity of descent from -Y to P', by Art. 115. As we are going 
to make the paths PJIfP' and PNP^ approach indefinitely, MN 
is an infinitesimal. Draw the arcs NS^ and MB^ from P and P' 
as centres, and the perpendiculars NS and MB. On our hy- 
pothesis, the time of descent from PtoS* equals time of descent 
from PtoN^ and time of descent from M to P' equals time of 
descent from ii' to P'; hence, as time PMP* equals time PNf^'y 
the time of descent from S* to M equals time from N to. B\ 




or 



whence 



and 



S*M^ NB' 

V Vi 

S'M_v 

— 9 



NB' 



ltoit|;| = limit:^; 



NB' 



,. .. S'M ,. .^ SM 
hinit-- = limit — , 



NB' 



NB' 
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8M_ cos PMN ^ cosy . 
NB coaP'MN cosf'i' 

cosy V 

hence limit ——- = limit—- 

COSf»i Vi 

Let the angles made with the horizontal by the two portions of 
the required path be and $i^ and the mean velocities down the 
two portions of the required path be v and Vi. Then 

cos^ V cos^ COS^i 



!— or 



COS^l Vi V Vi 

Let us now consider a path of quickest descent, consisting of 
three rectilinear portiona intersecting on given 
horizontal planes^ all the other conditions 
remaining as before. Let PBSP' be the 
required path. It is easily seen that PBS 
must be the path of quickest descent under 
the given conditions fW>m Pto S ; so that 

cos^ cos^i 



V Vi 




BSP* must be the path of quickest descent from Bio P' under 
the given conditions, so that 

C08^__C08^ 
Vi "" Vj ' 

V, Vi, V2 being mean velocities down PB, iJS, and SP\ respec- 
tively. 

Suppose now that the number of rectilinear portions of the 
broken line of descent is indefinitely increased, each portion will 
decrease indefinitely in length, and the path will approach a 
curve as its limiting form. The mean velocity down each por- 
tion of the polygonal path will approach as its limit the actual 
velocity at the corresponding point of the limiting curve ; the 
angle made by each portion with the horizontal will approach the 
angle made by the curve with the horizontal : hence our limit- 
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ing curve, which is obviously the required brachistochrone, must 
be of such a nature that tJie cosine of the angle it makes at each 
point toith the horizontal shall be proportional to the velocity the 
particle will possess on reo/ching that point. Let us take the 




horizontal and vertical lines through the highest given point as 
our axes, and take the positive directions of X and F as the usual 
negative directions. The velocity acquired by a particle sliding 
from to Q is, by Art. 118, the velocity it would acquire falling 
from ^to Q, that is, yj{2gy). We shall have then, as the de- 
fining property of the required curve, 



COST 



^K, 



where ^ is a constant; or cosr = C^i, 

C being some constant. Tlie cydoid is a curve possessing this 
property, as is easily seen. 

r T 





P 


^ 


^ ■ 


A 


/. 


^ 


■) 


T 




-» 
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We have cos r = sin PT' N= ^ ; 

2r 

but, by geometr>% PN= y/(2 ry) ; 

Tlie converse^ that every curve possessing the property 

cos r = Cyi 

is a cycloid^ can be proved analjlically by finding its equation, 
as follows : — 
Let the required equation be 





y=fx. 


We know that 


tanr = Z),y, 




poq — CfA • 








l = C»»/[l + (Z).y)*], 




(!>..)'= -,fX 


Call 


V(2a) 


and assume 


y = a — aco80. 




"-i^^■. 


and we have 






- 1— cos^ 


a 


I'sitf^ 2 1 + cos^ 



{DgXy 1-C08g 1 - COS 

2 
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* 

(D /r\> — ^*^"^*^(^— <^8^) _ a*(l— cos^^) (1— cos^) 
^ • ^ "" 1+coB^ "" l + cos^y 

= a*(l— cos^)*, 

DgX=a{l-' cos 6'), 

a?=a/^(l— cos^) = a^ — asin^+C, 

when 05 = 0, y = 0, and ^ = ; 

hence (7=0, 

and our equations are x = < 



fssa — acos^ J 



the familiar equations of a cycloid; and the brachistochrone is 
an inverted cydoid with Us cusp cU the higher of the given points. 
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DIFFEBEKTIALS. 

177. A DERIVATIVE has, in effect, been defined as the limit of 
the ratio of it^finitesimcU increments of function and variable. 
Consequently, in getting a derivative, we can replace the incre- 
ment of the fiinction by any quantity differing fh>in it by an 
infinitesimal of a higher order. 

For example : in getting D^a?^ we find 

J(a?)« = aj« + 2xAx + ( Ja?)« - a? = 2xAx + (Jx^. 

2xAx differs fW>m ^(a^) by (^o;)*, which is of the second order 
if we take Ax as the principal infinitesimal, and 2xAx may be 
substituted for A{q^) in getting Z^.a^, which then equals 



limit r2«Ja1 limit ^2x^^2x. 
Jaj=OL ^x J Jaj=0*" ■* 



Ax 

In our old problem of getting the derivative of an area we can 
use this same principle. 

Take Ax as the principal infinitesimal, then A A and Ay are of 
the first order, by Art. 149. AA differs from the rectangle yAx 



y 


y 


^ 


Ay 




/ 


tiA 


X 





X 


^ 







b}' less than the rectangle AxAy^ which is of the second order, by 
Art. 147, Ex. ; and we have 
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J) ^^ limit rMl= limit [vj^^y 
Take the problem of the derivative of an arc. 




Let Ax be the principal infinitesimal ; then Js is of the first 
order. J« diflTers from its chord V(Ja)* + (Jy)* b}- an infinitesi- 
mal of a higher order, by Art. 165. Hence we have 

n ,_ limit [ilfV limit r V(^a:y-KJyn , limit [ /TTAWI 

A« = Vl+.(Z>,y)«. 

178. In general, 

^ - limit r/(a?-hJa?)-/a?1 , 

therefore A^±Hz^^ = D,/aj + e, 

where e is an infinitesimal, by Art. 7. 

f(x + Jx) — /a? = 2),/a? . Ja? + e Ja;. 

But f(x + Jx)—fx is the actual increment of /a?, caused by the 
increment Ja; of a;, e Ja; is of as high -an order as the second, if 
we take Jx as our principal infinitesimal ; and we get the impor- 
tant result that D^fx . Ja; differs from the actual increment of fx 
by an infinitesimal of a higher order, and may consequently be 
used in place of J/a; in any case where we have to deal with the 
limit of the ratio or of the sum of such increments. This quan- 
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tity, D^fx.Ax is called the differential of fx, and is denoted by 
dfx^ d being a sjrmbol for the word differential. 
By the definition of differential, 

dx=iD,xJx = Jx, 

This definition may now be restated as follows : The different 
HcU of the independent variable is the actual ineretnent of that 
variable. The differential of a function is the derivative of the 
function multiplied by the differential of the independent variable; 

or formulating, dx = Jx^ 

dy = D^y.dx, 
y being a Ainction of x. 

It is to be noted that a differential is an infinitesimal^ and that 
it differs from an infinitesimal increment by an infinitesimal of a 
higher order. 

179. Since dy^D^y.dx^ 

As, by Art. 78, D «=-!-, 






-ry 



Consequently, if two quantities are so connected that either is a 
fimction of the other, the derivative of either with respect to the 
other is the actual ratio of the differential of the first to the differ- 
ential of the second. 

180. The differential notation has the advantage over the 
derivative notation, that it is apparently simpler, and that the 
formulas in which it is used are more symmetrical than those in 
which the other notation is employed ; and although the differ- 
ential is defined by the aid of the derivative, and the formulaa 
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for the differentials of functions are obtained fiom the formulas 
for the derivatives of the same functions, there is a practical 
advatUajge^ after the formulas have once been obtained, in regard" 
ing the differential as the main thing^ and looking at the derivative 
as the quotient oftboo differenJtiods, 

181. By multiplying each of our derivative formulas by da;, 
we get the following set of formulas for the differentials of 
ftinctions. 

da =0;^ 

d{ax) =adx; 

d(a5*) =waj*"*da;; 

d(loga;)=^; 

X 

da" =a*\oga,dx; 

dsmx =:co&x.dx; 

dcosx =— sinaj.dx; » 

dtana; ss^eifx.dx; 

dctno; = — csc*a? . da; ; 

dseca; s= seca;tana; . dx ; 

dcsca; = — csca;ctna;.da?; 

d verso; =sainx,dx; 

/I gin X ^ — _^^^^ ; 

-.1 dx 

dco8-'a;= — 



dtan-»a;= ^ 



X 
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dcot- 


'sr 


dx 

- 1 + a^' 


(?86C~ 


'as 


dx 




a^VCsr*-!)' 


C?C8C- 


>« 


tte 


«V(a!»-l)' 


d vers' 


->« 


_ .*« . 




^{2x-3?)' 


tV + : 


...) 


= du + dv + dw+ 



d{uv) = udv + vdu ; 

dJ. = ydx ; 

The formula D^fy = D,/y . Z>.y 

is DO longer necessary, as it gives us 

djy = ^,/y .dy^^dy^ dfy, an identity. 

ay 

ExABfPLES. 

Work the examples in Chap. IV. by the differential formulas 
just given, remembering that 

182. The differential notation is especially convenient in deal- 
ing with problems in integration^ and leads to an entirely new 
way of looking at an integral. 
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Let y = a^9 

and suppose that x changes from the value 1 to the value 5 ; to 
find the whole change produced in y. Let x change by succes- 
sive increments, each of which may be called Jo; ; then the whole 
change in y is the sum of the corresponding increments of y, 

which we will indicate by 2 Jy. The whole change in y is the 

actual sum of these infinitesimal increments ; it is then the limit 
of their sum as Jx is indefinitely decreased, and each Jy decreases 

9=5 

correspondingly ; that is, it is limit 2 Jy. But as we are deal- 

ing with the limit of a sum of infinitesimals where the limit is, 
from the nature of the case, finite, each term may be replaced 
by any infinitesimal differing from it by an infinitesimal of a 
higher order (Art. 162) . Each Jy may then be replaced by the 
corresponding dy, and we get as the whole change produced in 

the value of y, limit 2 d(ir*) = limit 2 2xdx. ' 

As y=a?, 

this change must be 

[a^].-5-[a^]..i = 25-l = 24, 

and we get the limit of the sum of a set of differentials appear- 
ing as the difference between two values of the corresponding 
frmction. 

183. Suppose that in any fx we change x ftt)m ajb to aji by 
giving to X successive increments. The whole change, fxi —fxot 
must be the sum of the partial changes produced by the incre- 
ments given to a; ; or 

Sxi-fx^^2 Jfx. 

XssXq 
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If the increments given to a; be indefinitely decreased in magni- 
tude while sufficiently increased in number to still fill the gap 
between Xq and Xi^ 

A-/aJb = ^0 -^V«= limit 2 dfx, 

by Arts. 162 and 178, 

ar=ar, 

:=zVLm\t2 D^fx.dx, 

CaU DJx=^Fx, 

then fx^f,Fx 

XsX^ 

and limit 2Fx.dx=^ Ifz^^lx^x, - [/.i^iK]x=xo. 



and the limit of tlie sum of a set of differentials is the difference 
between two values of an integral. Such a limit is called a defi- 

nite integral, and is indicated by /, Xq and Xi being the values 

Xo 

between which the sum is taken. As a definite integral is the 
difference between two values of an ordinary integral, it contains 
no arbitrary constant. 



184. Regarding an integral as the limit of a sum gives a new 
meaning to some of our old formulas. Take, for example, the 
case of finding an area. Required the area bounded by the 
parabola y* = 4aj, the axis of X and any ordinate y^ 

The area in question is the limit of the sum of rectangles of 
which yJx may be taken as any one, and the sum is to be taken 
between the values and oDq of x. We have then 

X = Xq XsXn 

A = limit 2 yJx=i limit .2* ydx ; 

XsO XsO 

Xq 

hence A =fydx, 
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y=2a!i. 



-^<^'-=[T]„,-ffl„.-«^- 



185. We can now take up some new problems that could not 
be conveniently approached while the integral was treated merely 
as an inverse function, and we shall consider ver}' briefly one 
connected with the subjecst of centre of gravity. 

The centre of gravity' of a body is a point so situated that the 
body will remain motionless in an}- position in which it may be 
placed, provided this point is supported. 

Suppose a hea^y plane curve^ of which equal areas have equal 
weights, placed in a horizontal position. The tendency of any 
particle to produce rotation about a given axis is the weight of 
the particle multiplied by its distance ttom the axis. If the axis 
passes through the centre of gravit}-, the sum of all these ten- 
dencies must be zero, or the bod}' would rotate. 

Let us consider the centre of gravity of a segment of the pa- 



rabola 



y^ — 2maj, 



cut off by any double ordinate. 

Suppose the parabola horizontal, and let X and Fbe the coor- 
dinates of the required centre of gravity. Inscribe in the parabola 
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small rectangles having their sides parallel to the axis of Y. 
The tendency of any one of these rectangles, as AB^ to produce 
rotation about the ordinate through the centre of gravity, is its 




weight, which may be represented by its area, 2ydx^ multiplied 
by its distance from the ordinate in question. If the rectangle 
were so narrow that we could regard its weight as concentrated 
along its nearest side, this distance would be (x — X); and if we 
decrease Jx indefinitely, the required distance will approach this 
as its limit. 

The tendency of this rectangle to produce rotation is then, 
roughly, 2y{x^X)Jx; and the smaller the value of Ja?, the 
nearer this comes to being an exact expression. The tendency 

of all the rectangles is ^2y(a?— X) Ja?. The smaller the rect- 

xsO 

angles, the nearer their sum comes to the whole area of the curve, 
and we shall have as the tendency of the whole curve to rotate 

*"*! . 

about CD limit^2y(aj— X)Ja; or /2y(x-X)ilx; but as CD 

x=o « 

passes through the centre of gravity, this must equal zero. 



J^y{x—X)dx=iO. 
y = V(2maj) ; 
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hence 2/V (2mx) (a? — X)daj = 0, 





By similar reasoning, we find, as the tendency to rotate about 

a line through the centre of gravity and parallel to the axis of X, 

»t 

/(a?! — 05) (y — y ) dy. This must equal zero. 

L ^ ^^ 6w^ Jys -y. 



(|^_2..,.)r=0; 



F=0; 
and (? 0^1,0) is the required centre of gravity. 

Differentials of Different Orders, 

186. As the differential of a function is by definition a new 
ftmction of the independent variable, we may deal with its dif- 
ferential. 

d(dy) is called the second differential of y, and is denoted by 
d^y ; d{d^y) is called the third differential of ^, and is denoted 

by cPy ; and so on. d(f?*"*y) = d»y. 
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In dealing with differentials of a higher order than the first, it 
is costomary to make the assumption that the differential^ that 
is, the increment (Art. 1 78) , of the independent variable is con^ 
stant, since this assumption greatly simplifies the results, and is 
always allowable when the variable in question is really inde- 
pendent, as we can then suppose it to change by equal incre- 
ments. 

187. Making the assumption ttiat the differential of the inde- 
pendent variable ts constant^ we have very simple relations be- 
tween differentials and derivatives of different orders. 

By Art. 178, dy=^D,y.dx, 

then 6?y^d{dy)=^D^dy,dx^D^{D,y.dx)dx^D^y,da?, 

as da; is a constant. It can be shown in the same way that 

6?y^D^y.da?, 

and that dry ^D^y, cte". 

It will be noticed that when dx is the principal infinitesimal, 
d"^ is an infinitesimal of the nth order. 
From the results just obtained, we get, 

and the differential notation is generally used in place of the 
derivative, even in the case of derivatives 'of higher order than 

the first ; but in using —-^ for Z>,**^, it must be kept in mind 

that the tvx> ea^essions are equivalent only when x is the hide- 
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pendent variable. If, for example, x were a function of a third 
variable, and were compelled to change in some particular way, 
we could no longer assume that dx was constant, and the differen- 
tial expressions for the derivatives would be much more compli- 
cated. 

188. Let us work out the second derivative of y without any 
assumption as to the value of dx. 

J «y — ^Ay _ dx_ dxd^y ^dyd^x 
dx dx da^ 

since J^ is an ordinan- fraction, and its differential can be found 
dx 

by the formula d- = 



(1) Show that 



Examples. 



n 3 cPyda^ — dxdyd^x — Sdxd^^x + Mydh? 

^'^ d^ — ^ — : — 

(2) If y = log2, 

find d^, (2^9 And dSf^ assuming that z is the independent varia- 
ble, and again making no assumption concerning z.' Compare 
your last results with those obtained by letting 2;= sin a;, and 
taking x as the independent variable. 

189. In using differentials of higher order than the first, if 
flie assumption is made that the differential of the independent 
variable is constant, it is better to indicate this by preserving 
the derivative form, even when using the differential notation. 
Take, for example, the formula for the radius of cui-vature of a 

plane curve, /> = — ^ 1/ "* • 

D^y 
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h(i)T 

We should write it />= - != ^ ^ 9 

and not p^^(^+^, 

♦ 
if we wished to indicate that x was the independent variable. If 
we make no such assumption, we must substitute for D^^y the 
value given in Art. 188, and we can then reduce the formula to 

dxd^^dycPx* 

190. The subject of differentials of different orders is closely 
connected with that of finite differences or increments of different 
orders. 

If ^ is a fbnction of x^ and any fixed increment Jx is given 
to a;, there will be produced a corresponding increment Jy in 
the value of y ; Jy, however, is not e fixed value, but varies with 
the value of a; considered. For example, if 

Jy = Sx^Jx + Sx{Jxy + ( J»)S 

and is obviously a function of a?, and therefore will be changed by 
changing x. The change produced in Ay by giving x another 
increment, Jop, is called the second increment of y, and is indi- 
cated by J'y, and is a new fhnetion of x. The increment of the 
second increment is the third increment J^y, and so on ; and in 

general J( J"~^y) = J*y. 

If y^A 

The whole change produced in a function by giving several equal 
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increments to the variable can be neatly expressed in terms of 
successive increments. 

Add Ax again, y becomes y + Jy, Jy becomes Jy + J^y, and we 

have f(x + 2 Ax) = y + 2 Jy + J^. 

Repeat the operation, y becomes y+Jy, 2 Jy becomes 2(iy+ J'y), 
J*y becomes J*y +^*yi and we have 

fix + 3 Ja) = y + 3 Jy + 3 J^y + J»y. 

In like manner, 

f{x + Ux) = y + 4 Jy + 6 J«y + 4 J»y + J*y . 



Example. 
Show that, if 

/[aj + (n-l>Jaj] = y + (n~l)Jy + i!L:iiH!^^ J«y 
(n^l)(n~2)(7i-3) js-. ...... 

/(a:+nJa:)=:y+nJy+!L(^ J'y-h ^^^"^><^^^> J^y+ ; 

and that, consequently, the second formula always holds. 



191. If Ax is infinitesimal, we have seen that dy differs from 
Ay by an infinitesimal of a higher order, and therefore may be 
used instead of Ay in all cases where we are dealing with the 
limit of a ratio or of a sum of such increments. The same rela- 
tion holds between d*y and J'y, and in general between cP*y and 
J^'y, as we can prove by the aid of the following lemma. 



Chap. XI.] DIFFERENTIALS. 197 



Lemma. 

192. If a function of x contains besides x a letter a, which is 
independent of x, and becomes zero when a is zero, no matter 
what the value of x, its derivative with respect to x wiU be zero 
when a is zero. 

For, since a, being independent of x, is treated as a constant 
during the operation of differentiation, it can make no difference 
in the result whether we give it any particular value before or 
after that operation. But if we give a the value zero before we 
differentiate, our function by h^-pothesis is equal to zero, and is 
therefore constant, and its derivative is zero. Hence the lemma. 

It foUows that, if the function is infinitesimat when a is injini" 
tesim^l, whatever the value of x, its derivative with respect to x 
wiU also be infinitesimal when a is infinitesimal. 

As an example, consider the fbnction log(l + oo;) , which equals 

zero when a = 0. 

lMl±i!f) = _J^ = when « = 0. 
dx 1-faa? 



193. Let Ax be infinitesimal. Then, by Art. 178, 

Jx 

where e approaches zero as Jo; == 0. Increase x by Jx, and the 
increments of the two members of the equation will be equal. 

Jx 

Divide by Ja.: _^,= £(^+ii, 

(JxY Jx Jx 



imit r ^'y 1 -ng?/4- limit fifl. 



limit 
Jx 
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but, by Art. 192, ,S[t]=«- 

(Ja!)» th?^ ' 
where a is infinitesimal, by Art. 7. 
But Jx = dx (Art. 178) ; 

cPy is an infinitesimal of the second order, by Art. 187. adoi? 
is of the third order ; consequent!}', cPy may be used in place of 
A'^y in problems concerning the limit of a ratio or of a sum. 

Bj' similar reasoning, it can be shown that 

J'y = d^y + ads? ; 
and, in general, that J*y = d"y + ado", 
when dx is infinitesimal. 
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CHAPTER XII. 

FUNCTIONS OF MORE THAN ONE VARIABLE. 
Partial Derivatives, 

194. Up to this time we have considered only functions of a 
single variable, but a complete treatment of our subject requires 
us to study functions of two or more independent variables. 

Plane Analytic Geometry has furnished us with numerous ex- 
amples of functions of the former kind ; Analytic Geometry of 
Three Dimensions introduces us to flmctions of the latter sort. 

The equation of a surface contains three variables, a, y, and 2, 
and any one ma}' be expressed as a function of the other two ; 
and when this is done, the one so expressed may be changed by 
changing either of the others, or by changing them both, as they 
are entirely independent. 

195. The derivative of a function of several variables obtained 
on the hypothesis that only one of them changes, is called sl par- 
tial derivative; and, as all the variables except one are, for the 
time being, treated as constants, t^ partial derivative can be ob- 
tained by the rules for differentiating a function of one variable. 

For example : D^x^y = 2«y, if x alone changes ; 

D,a^y = a^, if y alone changes. 

2xy is the partial derivative of oe^y with respect to 05, and a? is 
the partial derivative of oi^y with respect to y. 

We shall represent partial derivatives by our old derivative 
notation, indicating ordinary or complete derivatives, when it is 
necessary to make any distinction between the two, by the ratio 
of two differentials. 
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196. If a Amctioii contains two variables, its partial deriva- 
tive with respect to either will generally contain both variables, 
and may be differentiated again with respect to either of them. 

Take 7?f. 

D,a^f=2r^y; 
DJJ,a^f=4xy; 
DJ'x^f = 2x^, 



Take u^xlogy. 



Aw = logy; 
Z>> = 0; 

y 

f 

y 

y 



197. In both these examples we see that D^D^u is the same 
as D^D^u^ and in the second 
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Let us see whether it is true in general that the order in which 
the differentiations are performed is immaterial. 

Let w=/(«iy). 

To see if D^D^u^D^D^u. 

D ,4^ limit r/(a;,y-hJy)-/(a?,y) ]_ /(a?,y+^y)-/(giy) . , 

' Jy=0L Jy J" Jy ^ ' 

by Art. 7, where e is an infinitesimal and a Amction of x^ y, and 

Jy. Similarly, i).«=-^l^^±:^£l^b:2XM) + c', 

aX 

where e' is an infinitesimal and a function of a;, y, and Ax, 

2>.2>yU is equal to 

nit [ /(a; +^a?,y'f^y) -/(a? + Ja?,y) -"/(a;,y+ ^y) +/(g,y) 1 ' 
asO L Ja; Jy J 

+Ae; [1] 



limit 



D^D^u is equal to 



limit 

Jy 



itt r /(a? 4- ^a;,y 4- ^y) -/(a?,y + ^y ) -f(x 4- ^a;,y) +/(a?,y) 1 
=0 1_ Ax Ay J 

+2>,c'. [2] 

The second expression for D^u is absolutely true, whatever the 
value of Ay^ and so is the expression for D,D^u. We may then 
suppose Ay to approach indefinitely near zero, and D^D^u will 
be equal to the limiting value approached by the second member 
of [1]. The limit of e as Jy approaches is ; therefore, by 

and D,D^u is equal to 

li^jlt r/(^ -f Ax,y + Ay) -/(a? + ^x,y) --f{x,y + Ay) +/(a?,y) 1 
L ^x Ay y 

as both Ay and Ax approach 0. 
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B}' similar reasoning, it may be shown that D^D^u is this same 
limit, and hence that D,D^u^DyD,u, 

By applying this theorem at each step, we may prove that, in 
obtaining any successive partial derivatives^ the order in which the 
differentiations occur is of no consequence. 

For example, let us show that 

198. In a previous chapter, we saw that, while the increment 
of a function due to any increment of the variable is generally a 
very complex expression, the differential of the function, which 
differs from the true increment only by an infinitesimal of a 
higher order than the increment of flmction or variable when 
the latter is infinitesimal, is usually very much simpler, and yet 
can be used instead of the true increment in many important 
problems. 

It is worth while to see if we cannot get a simple expression 
capable of replacing the infinitesimal increment of a fbnction of 
two or more variables in similar problems. 

A function of two independent variables may be changed by 
changing either of the variables alone, or by changing both. 

Suppose we give to each variable an infinitesimal increment 

of the same order. Let u =sf(x^y) . 
Increase x by Ax and y by Jy, 

Au =/(aj -f Jx,y -f Jy) —f(x,y) . 
Add and subtract /(a,y + Ay) , and we get 
J u =/(« + Jx,y + Ay) -f(x,y + Jy) +f{x,y + Ay) -f{x,y) . 
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f{x^y •\'Ay)^f(x^y) is the increment of f(x^y) produced by 
changing y alone, and differs from D^f{x^y)Jy by an infini- 
tesimal of a higher order than Jy, by Art. 178. In like man- 
ner, we see that f(X'^Jx^y + Jy)—f{x^y + Jy) differs from 
D^f{Xjy + Jy)Jx by an infinitesimal of a higher order than Jx. 

DJ'{x^y + Jy) is a new function of x and y, and any infinitesi- 
mal change in y will produce in it a change of the same order, 
by Art. 149. D^fix^y-j-Jy), then, differs from DJ'i^x^y) by an 
infinitesimal of the same order as Jy, and DJ'(x^y + Ay)Ax 
differs from D^f{x^y) Ax by an infinitesimal of the second order. 

D^f(x^y) Ax +Dgf{x^y) Jy, or, using the differential notation 
and remembering that x and y are both independent, D,f{x^y)dx 
+Dyf{Xjy)dy differs from the true increment ofu by an infini- 
tesimal of a higher order than dx and dy, and therefore may be 
used in place of Au whenever the limit of a ratio or the limit of a 
sum is sought. This is called the complete differential of ti, and is 
indicated by du ; hence, when 

w=/(a,y), 

du = D^ udx -f Z>y udy. 

Example. 
Prove that, if u =f(x^y^z) , 

du =zD^udx +D^udy +D,udz, 

199. Partial derivatives may very often be used with profit in 
obtaining ordinary or complete derivatives. Suppose that 

y zz^Fx and z ^F^x and u z=f(y,z) ; 

u is indirectly a function of a, and we can therefore speak of the 
complete derivative of u with respect to a;, which we shall indi- 
cate by — . 
dx 
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Ju 
We wish to find the limit of the ratio - — . In so doing, we 

Ax 

can replace Jw by dw, which equals D^uJy -j-DgUAz, since, as 
y and z are not independent variables, dy and J^ differ from dy 
and dz ; 

'— S=JS'«[^."l+^-"l]' 



Example. 
To find ^^^"(f - ^) , knowing that \ "" 

Solution : X),sin(y^ — 2) = 2y cos(^ — «) , 
/>,sin(y* — 2) = — cos(y* — ») . 

dx a?' 

daniy>-z) ^ 2yeoB(,y'-z) _ 2^coa(y' - z) 
dx X 

^ 2(y^a^)cos(f^z) 

Confirm this result by expressing^ and in terms of x before 
differentiating. 

200. If u =f(x,y) and y=Fx^ 

the formula of the last article becomes 

(Ix dx 
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Examples. 



(1) u:=^s^^^ + zy 
2 = sin AT 



FindT-. 
ax 

Ans. ^ = (3y* + 2) «• + (2z + y) cosa. 
ax 

y \ Find 3-. ^7W. zz = ± — etna?, 

cte cto a; 

y = sina;J 

(3) «=:tan-H«y)1 d« . d« e-x + y 

> Find T-. -4?w. —- = - — -I^^- 

y — e* j ax dx l + a^y 

(4) u = sin"~*( ~ j when z and y are functions of a?. Find --^. 

(5) u = |( —HJl J when z and y are ftinctions of x. Find --^. 



201. Higher derivatiyes of a Unction of functions of x can 
be obtained by an easy application of the method suggested by 
the formulas above. 

For example : u =zf(y^z) , 



. , cPu 
required ■--^. 
dor 



y=:Fx, 

z^^FiX, 



d(~) 



-c..(|)V.i..z,..|.J^i»(|)Vi,,. 



(Py . rk ^2 
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In obtaining this formula, since y and z are given functions of 

X. -^ and — are also explicit ftinctions of a;, and are therefore 
dx dx 

treated as constants in obtaining the partial derivatives with 

du 
respect to y and z ; but now — - is a function of (aj,y and z) , hence 

dx 

we must take also its partial derivative with respect to x. 



Example. 
Given u=f(x,y), 



, . . d^u J d^u 

obtain — 2 and — z. 

da? dj? 



y-'Fx, 



Implicit Functions, 



202. K, instead of having y given in terms of a, we have an 
equation connecting x and y, y is called an implicit function of 

x^ and -^ can be readily found by the aid of Partial Derivatives. 
dx 

Suppose fi^^y) = 0, 

to find ^. CsL\if(x,y)u. 
dx 

Then u = ; 

hence — must also equal zero, 
dx 

dx dx 

dy ^ D,u 
dx " D^u 



P^XAMPLES. 



(1) aa;*-y€«» = 0. Find ^. 

dx 
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or, as 
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D^u = —€^ — nye^y 

d» " D^u "" (l-hwy)€*«' ' 
oaf" = yc*", 
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and 



dy 



my 



da? (l-h«y)aj 

(2) ^ + ^-1 = 0. Find^. 
or Ir dx 



Jns. ^=_^. 
oa; 



a*y 



(3) af-2r = 0. Fiiid$^. 

oa; 

(4) sin(ajy) — ma? = 0. Find J?. 

oa; 



dx af — xylogx' 



(5) w«H-aj»-|-y«H-2« = c» 



Find^. 
ox 



dx ttVaj(aj-hy) aj(a»-hl) y 

203. We can get ^ by the aid of the formula of Art. 201, 
oar 

remembering that -— s 0. 

dor 
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dx D^u 






0, 






Examples. 



(2) a?* + 2aa:*y -02^=0. Find 3?? and ^. 

dx dor 
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CHAPTER XIII. 

CHANGE OF VARIABLE. 

204. If we use the differential notation, we have seen 4;hat 
there is no need of distinguishing carefuUj- between function and 
independent variable, a single formula alwaj s giving a relation 
betw^n the two differentials by which either can be expressed 
in terms of the other. This, however, is the case onl}' when we 
are dealing with differentials of the first order. A differential 
of the second order or of a higher order has been defined by the 
aid of a derivative, which always implies the distinction between 
function and variable, and on the hypothesis of an important 
difference in the natures of the increments of function and varia- 
ble ; namelj , that the increment of the independent variable is a 
constant magnitude, and that, consequently', its derivative and 
differential are zero. 

If, in any function involving differentials of a higher order 
than the first, we have occasion to change the independent va- 
riable, we can no longer assume that the differential of the old 
independent variable is constant, but must go back and replace 
all the differentials of higher order than the first by values ob- 
tained on the supposition that all the differentials are variable, 
before we attempt the introduction of the new variable, vide 
Arts. 187 and 188. 

205. In auy particular example in which it is necessary to 
change the variable, the method just described can be easily 
applied. 

Take the differential equation, 



210 differential' calculus. [Art. 206. 

where x is the independent variable, and introduce y in place of 

X, Given y = logic. 

Our (Pu here is the second differential of u taken on the assump- 
tion that X is the independent variable, and this can be indicated 
by writing it d,*w, and we have 

(l/u = A'tufa^= '^''7^''^V by Art. 188. 
dx 

X 

dx = xdy^ 
cPx = d{xdy) = xcPy + dxdy ; 
but cPy = 0, 

as y is to be the independent variable, 
hence cPx = dosdy^ 

and d> = '^y'^"-'^"^y'=d'u-d«dy; 

xdy 

od^u_cPu du 
dx^ ' dy^ dy^ 

^du du . 
dsr dy 

d?u 
hence we have -—r -h w = 0. 
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Examples. . » 

(1) Change the variable from a; to Hn 

da? l-a^dx 1-^7? 



Given a; = co8^ 



Arts. ^4-^ = 0. 



(2) Change the variable fh>m a; to ^ in the equation, 
da? \ + ix?dx {\'\'7?y 



Given ^^ = tan"*«. 



(3) Change from a; to Mn 

(.-^,g-.|.o. 

Given aj=eo8^ 



Ans. g + y = 0. 



Ans. g=0. 
df 



206. It is often desirable to change both variables simulta* 
neously, and the principles already explained and illustrated 
apply perfect!}' to this case. As an example, let us see what 
our old expression for the radius of cur\'^ature of a plane curve 
becomes when we change from rectangular to polar coordinates. 

Here we have a? = r cos ip 

y= rsin^ 

and we shall regard ^ as the new independent variable. We 
know that, if p is the radius of ourvaturo. 
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[l + CAy)*]! 
'^~ D*y • 

We have 8een, in Art. 189, that this may be written 

. -{d^ + dy')l , 
'^~ dxd*y .' 

or, better still, p ^^'^'^Pt • 

dxary — dycPx 

da: = — ?• sin ^d^ -|- cos ^dr, 

dy = reosf d^ -h sin^ dr. 

Since dtp is constant, 

cPx = — ?*cos <pdip^ — 2 sin <pdrd^ + cos f (Pr, 

(Py = — r sin f d^' -h 2 cos <pdrd^ -h sin ^ d*7', 

da?d*y — dyd^x = r*d^' — rd^i^Pr -h 2d7^d<p, 

(r^d^'-f c?H^)' 

^" ^•2d^3 _ ydycPr-h 2d?'^dsp ' 

divide numerator and denominator bv d^^, 






Example. 

Find the radius of curvature of tlie circle r = cosf . 

Arts, ^ = J. 
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207. A very simple exmnple of change of variable is the fol- 
lowing. 'Obtain the value of tan t when polar coordinates are 

used. tanT=-^. 

ax 

a; = rcossp» 

y = rsinf, 

dy r cos ^d<p + sin ^dr 



dx — r sin ^dfp + cos ^dr 



A much simpler expression can be obtained for the angle made 
by the tangent with the radius vector, which we shall call t. 




l-ftanrtan^ 

tanr-tan,. ^rsec^rd^^ ^ 

— r sin ^d<p -H cos ^dr 

l + tanrtan,.- ^jecydr 

— r Sin ^d^ + cos ^dr 

tane^t?!?. 
dr 

Examples. 

(1) Obtain this value for tanc from a figure by the aid of 
infinitesimals. 
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(2) If «=rCOSf] 

y = rsin^J 



show that 



dx_ dr 

dx ^ 



and that df?^da? + df 

becomes cW = d ?•* + r* d^*. 

Prove this last result from a figure. 

(3) If a; = a(r-.cos<) | 

y zz^ a{nt -\- smt) j 

express ^ in terms of U Ans. g = - !i«2Sl±l. 

dar dar asin^t 

(4) Given as = a cos ^ 

y=6sin^ 

express — ^= in terms of <f. 

^ . ^ (a«sinV-f y^cosV)* 
da^ ^^*- ^ 

208. The subject of change of variable can be easily treated, 
by the aid of the principles established in Art. 88, without in- 
troducin the idea of diifei*entials. 



^■»-tf- 



Z).»y=Ai>.y=:^^= 



^■(Sf) 



A« D,x 
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„ fD.y\_ D,xD.*y-D.yD*x 

""•KpTx) (A^^V ' 

r,t„ D,xD*y-D.yD*x 
'^- {D.xy 

If X and y are given in terms of 2, we can calculate the values 
ofDgXj D,y^ D^x^ and D,*y, and substitute them in these form- 
ulas. Take Example (3) , Art. 205. 

a?=co8^ 

p. D,xD?y-D,yD*x 
^'» = (Ai? ' 

!>,«= — sinf, 

D*x= — oosf, 

D.y=-% 



— siiitDfy -h costD^y 

r-oT ' 1 

— sm'^ 






1 — fl^s=sin*t, 

. , — siniA*y-l-cos<Z),y , cos^A^ 
«^^* ="^h?« +"SSF" = ^' 

209. Suppose we have a function of two independent varia- 
bles, and its partial derivatives with respect to them, and wish 
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to introduce, in place of our old variables, two others connnected 
with them bj given relations. 

For example : let « be a function of x and ^, and let it be 
required to introduce, instead of x and y, u and v, which are 
connected with x and y by given equations. If the equations 
can be readily solved so as to express u in terms of x and y, and 
V in terms of x and y, we may proceed as follows : — 

After the substitution, z is to be an explicit function of u 
and V. Suppose the substitution performed. As u and v are 
ftinctions of a;, z is mdirectly a function of x. To get i>,M, we 
suppose y constant, so that x is for the time being the only inde- 
pendent variable, and we can get i>,2;, by Art. 199, which gives us 

D^z=D^zD^u-\-D,zD,v 

where all the derivatives are partial derivatives. In the same 

way, DgZ szD^zD^u -^D^zD^v, 

D,w, D^v, DyM, and D^v are found from the values of u and u 
mentioned above, and are generall}^ functions of x and y, and 
D,z and D^z are at first obtained in terms of u, v, x, aixd y. 
X and y must be replaced by u and v b}' the aid of the given 
equations, and D,z and D^z are then in terms of u and v alone. 
By extending the process, we can get Z)/«, D^D^z^ -Z)/2, &c., 
in terms of u and v. 
For example : introduce u and v in place of a: and y in the 

equation D,^z = D^^z. 

Given ussx + y) 

v=^x — y) 

D.w = l, 
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D^z = D^H -f 2D^D,z + Z>/2;, 

Z>/« =^DJz- 2D^ D,z-^ D^z, 

D^z '\'2D^D^z 4- D^z = D^z-^^D^D^z -f- D^z, 

AD^D,z=0. 

DuD^z = 0, the required equation. 

210. If it is more convenient to express x and y in terms of 
u and V at the start, we can proceed thus : z is explicitly a ftinc- 
tion of X and ^, and if we regard v as constant for the time 
being, z is indirectly a function of the single variable u. Hence, 

D^z^^D^zD^x-^-D^zD^y, 

\n like manner, D^z = D^zD^x -f D^zD^y, 

D^x^ DuVt A^i &n<^ ^«y arc found in terms of u and Vi and 
then by elimination between the equations, we get D^z and D^z 
m terms of u and v. 

Examples. 

(1) Given aj = roos^ 

y = rsin^. 

find D.a; and D^z in terms of r and v>* 
Solution : D^x = cos f , 

D^x=s — rsin^, 
I>,y = sinsp, 
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Z>^y = rcosf, 

DfZ =5 Z>,2;cos ^ -I- D^asm^f 

D^z = — D,zrsm^ + D^zrcoa^. 
JUiminate ; 

B\n^D^z= — r sin* ^Z>,« + r sin ^ cos f»Z>,«; 
Z>,2s3 - (roos^Z>^2 — siny'X^^^) 

Z>,« s - (r sin ^p Z>r » + cos ^ Z>^ z) . 

(2) Solve this same eisample b}' the method of Art. 209, using 
the relations t^ ^ a? -{• j^ 

tan^ = ? 



211. If it is not convenient to solve the given equations be- 
tween 05, y, te, and v, we can use the general method of either 
of the precedmg articles, obtaining our i>,M, i>, y, D^ w, and Z>y v, 
or our D^x^ D^y^ />,«, D^y^ as follows : We have given 

Fi{x,y^H,v) = and Fzix^y^u.v) = 0. . 
Suppose y constant, then tc and v will be functions of x ; and, 
by Art. 200, D^Fi-^-D^F^D^xi + D^FiD^v^O) 

D,F^-hD^F2D^u + D^FiD^v:=^0] 

From these equations we can obtain D^u and Z>,v, and from two 
equations formed in the same way we can get D^u and D^v; 
and a like process would give us D^a?, D^y, D„x^ D„y. 
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Examples. 

(1) If F Is a function of v, and 

v» = «> + y», 

show that A*F-|- D,^V^ ??+i ^. 

(2) If F is a function of v, and 

v'^T^ + f + Tf, 

show that A*r4- Z>/F-f- Z>/F= ^-f ?^. 

(3) If a=ae*oos^ and ys=ae^sinf», 

show that y^D^u - 2xyD,D^u + a?D/tt = D^'w + JD^w. 

(4) Given e» + e^ = «, 

express 2>.*m + 2DgD,ti + />/% in terms of 8 and ^ 

Ana. ^D.^ti-^stD.D.u-k-fD.^u-k-sD.u + tD.u. 
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CHAPTER XIV. 

TANGENT LINES AND PLANES. 

212. It is shown in Analytic Geometry of Three Dimensions, 
that any equation F{x^y^z) = represents a surface, 

and that two such equations, 

regarded as simultaneous equations, represent a curve in space, 
the intersection of the surfaces which the equations separately 
represent. 

By eliminating z between these two equations, we can express 
^ as an explicit function of x ; and by eliminating y, we can 
express z in terms of x : consequently, the equations of any 
curve in space may be written in the form. 



=:Fxi 



213. Let it be required to find the direction of the tangent 
line drawn at any given point (xo^yo^Zo) of the curve 



^Fx] 



Z 



Let (xq+JXj yo + ^y^ z^ + Az) be any second point on the given 
curve. The equations of the line joining the two points are 
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221 



^x Jy Az 

by Analytic Greometr}' ; or 

a; — a^ Jo; 

g — 2b _ J2 

a? — Xo "" ^ic 

Let Jx approach zero, and the secant line approaches the re« 
quired tangent as its limit, and this will have for its equations, 

a? — a?o \dxJx=xo 

x^Xo \dxJx^xo 
or, writiiig them in a more symmetrical form, 

x-Xo ^ y-yo _ ^-^ ^ 
1 dyo dzp 

dxo dxp 

where, by -^, we mean the value -^ has when x=^Xq. 
oxq ax 

A plane through the given point perpendicular to the tangent 
line is called the normal plane at the point in question. Prove 
that its equation is 



Example. 



214. The helix is a curve traced on the surface of a cylinder 
of revolution by a point revolving about the axis of the cylinder 
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at a uniform rate, and at the same time advancing with a uni- 
form velocity- in the direction of the axis. 

We can easil}- express its equations by the aid of an auxiliary 




angle, the angle through which the point has rotated. Calling 
this angle e and Jbhe radius of the circle a, we readily see that 

a; = acos^, 

i/ = asin^. 

From the nature of the helix, z must be proportional to the 

angle e ; hence - = A:, a constant, 



and z=k0. 

The required equations are then 

a; = acos^ 
tf = asin0 
z=ske 
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To find the tangent line and normal plane at (2b,y«,2ib) « 
dy = aco&Odd^ 

$(=-etn^=.-f, 
dx y 

dz = kdO^ 



dx 


k 
asin^ 


-i 
y 


e tangent are 




x-x,_ 


y-yo 


z-a, 


1 


_^ 


_k 




yt 


Vo 


x-x,_ 


y-y._ 


z-z. 



or tll^^^^IUl^tZ^. [1] 

The normal plane is 

y«(« -^- ^{y - y«) -A;(« - 2b) =^. [2] 

The direction cosines of line [1] are, by Analytic Geometry, 



COi^as 



or COSa = 



VC^' + yo' + A:*) 



V(«'-H**)' 
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Cos;" is, then, not dependent on the position of the point P; 
therefore the helix has everywhere the same inclination to the 
axis of the cylinder ; or, in other words, it crosses all the ele- 
ments of the cylindrical surface at the same angle. If, then, 
this sorface is unrolled into a plane surface, the helix will de- 
velop into a straight line. 



215. The equations of the tangent line to the curve 
/(«,y,2;) = 0, 

can be obtained in a very convenient form if we use partial 
derivatives. We have, by Art. 199, 



dx' 



fdy 



ax 



dx 



dx dx dx 



(1) 



From these equations we can obtain the values of ^ and --^ 

dx dx 

Substituting these in the equations of Art. 213, and reducing, 
we get 



(a; - Xo)D^J+ {y - y,)DyJ+ (z - 

(a; - iBo)^*o^+ (y - yo)^yo^+ V* - *o;^*. 



z^Zo)D,J=0 1 
(z-^Zo)D,,F^ol 



as the equations of the required tangent. The same result may 
be obtained much more easily by substituting in (1) the values 

of -i^ and —- given 'by the equations in Art. 218. 
dx dx 
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Examples. 
(1) Given af + y^ — ax^sO 

aa -f «* — a* = 
as the equations of a curve, find the tangent at {xq^i/o^Zq) 

Ans. x^x + yoy +ZoZ=sa^ 



(2) Given the circle 

a^ + y' + z'^a' 



x-\-z^a 
find the tangent at (a\),3/o)^) • -^i^^' ^^ + y^y + 2^2^ = a^ ^ 

x + z^a 



^. x^x + y^y +z^z = a^ 1 
a(x — cBb) + 2(« — 2fo)«o= J 

} 

} 



216. The osculating plane at a given point of a curve in space 
is the limiting position approached by a plane through the point 
and two other points of the curve as the latter approach indefi- 
nitely near the given point. 

If (xo,3/o9^o) ^ the given point, and we regard x as our inde- 
pendent variable, we can represent two other points of the curve 
(Art. 190) by 

(iCo -f Ax, yo + Jy, z^ + Jz) 

and (asb + 2 Ja, yo + 2 Ay + J«y , Zo + 2Jz -f Jh) . 

Forming the equation of the plane through these three points, 
dividing by Ja^, and taking the limiting values as Ax approaches 
zero, we shall get as the osculating jplane, 



( 



^->(l£-|g)-<'-'->(S)^('-^'S-»- 

Example. 
Obtain the osculating plane of the helix at (xo^yo^Zo), 
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217. The tangent plane at a given point of any surface 

can be found by the aid of the equations of Art. 215. 

Let F{x,y,z) = 

be any second surface whatever passing through (xo^yo^Zo) • 

The tangent line to the curve of intersection of the two 
surfaces at the point (2^,^09^)9 that is, to any curve through 
(^9^09^) traced on the given surface, has for its equations 



(x - Xo)D„^F+ (y - yo)DyF+ {z - z,)Dz^ 



F=oJ 



It therefore lies in the plane represented by the first of these 
equations, which must then be the required tangent plane, 

{X - Xo)D:cJ+ (y - yo)DyJ+ (z - Zo)D,J^ 0. 



Examples. 

(1) Find the tangent plane to a sphere. 

aj* + 3^ + «*=a*. 

Arts. XQX+yoy + «oZ^a^. 

(2) Find the tangent plane to an ellipsoid. 






o* ' 6» ' c» 






The normal line at (a^,j/oti%) is easily seen to be 



Chap. XV.] FUNCTION OF SEVERAL VARIABLES. 227 



CHAPTER XV. 

DEVELOPMENT OP A FUNCTION OF SEVERAL VARIABLES. 

218. To develop f{x + h^y + k) into a series arranged accord- 
ing to the powers of h and A;, where h and k are any arbitrary 
increments that may be given. Let a be any variable, and call 

a a 

SO that h s= ahi and A: = aA^. 

If now X and y are regarded as given values, f{x + h^y + k) is a 
function of A and A;, which depend on o ; and hence f{x -f h^y -f A;) 
can be considered a function of a. Call it Fa, and it may be 
developed by Madaurin's Theorem, which gives 

2^a=F0 + aF'0 + |l2?'"0 + |l2^"'0 + 



n\ (n+1)! 

When a — 0, 

Fa or F{x + h,y + k) =/(a?,y). 
Call a: -I- a^i = a;' and y 4- aA;,= y', 

then Fu=f{x\y'), 

F'a^ ^f(^^D,fix',y^ ^ + D,Ax^,y^) % 
aa aa da 

by Art. 199 ; 
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dar' , 

dl-*" 

F'O = hD,f{x,y) + KD,f{x,y), 
which we shall write lhD^+ IfiD^f. 

F-a^^^^hiD^F'a + k^D^F'a 
da 

= Vi>/A«'.!0 + 2^*1^^ D^A^,y') + h*D/f{x V'), 

J^« = h,*D,*f(xf, y') + ^W\DJ'D,,f{af,jf) 

+ 8A, VD^ D^yCa;', y') + k,*D/f{pif, y') . 

In ^a and F"'a the tenns have a striking resembWce to 
the terms of the second and third powers of a binomia'< Let 
us see whether this wUl hold for higher derivatives, /tsume 
that it holds for the F<*) a, and see if it holds for the J'<"^ > «. 

If J^»)a - hrD^'/«y') +nV-'*i-D.."-*-D^/(«',y) 

+ M» -!)<"- 2) h,'-»k,^D,'-^D/f{^,y') + 

o ! 

+ ^^j^' h'-WD^»-'D/f{a^,y>) + 1. 
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If, then, the observed analogy holds for any derivatiye, it holds 
for the next higher. It does hold for the third ; it holds then 
for the fourth, and for all succeeding ones. 

j?»(»+i) 0a = V""^ A""^ V(a + »h,y + ek) 
+ (n+l)hi^kiD,^D,f(x + eh,y + 0k) + 



By this notation we mean that :r + ^A, y + ^A;, are to be sub- 
stitnted for x and y after the differentiations are performed. 
We have then, remembering that 

ahi=h and aki s A:, 

+ ^ (A*AV+ 2hkD,DJ+ k*D,V) 

+ i (hW,V+ Sh^kDJD,f+ ShJ^D,D,'f+ T^D.^f) + 

o ! 

+ T-TTTT (h^^^D-^^f(p^ + ^hyy + Ok) 
{n+l)l\ 

+ (n +l)A»A;Z>/2>,/(« + 0h,y + 0k) 
4. i!L±l}!f h-'^k^D-''D*f(x+ 0h,y + 0k) + ...A 

If we use (hD^ + kDg)''/ as an abbreviation for (h^D*/ 
'^nhr-^kDj'-^DJ+ ); that is, understanding that (^2>.+A:2>,)* 
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is to be expanded just as though it were a binomial, and then to 
have each term written before /, we can simplify the above ex- 
pression. 

fix -f h,y + k) ^f{x,y) + {hD, + JcD,)f(x,y) 

+ jj (hD.+kD,yf(x,y) + j^ (hD^ + kD,yf(x,y) + ..... 

+ ^(hD,-^kD,r/(x,y) 
n \ 

(n + l)! 
which is Taylor's Theorem for two independent variables. 

If we let x=Oand^=0, 

we get /(*,*) =/(0,0) + {hD. + kD,)f (0,0) 

+ l.(hD. + kD,mo,0) + ; 

or, changing h and A; to x and y, 

/(«,y) =/(0,0) + (xZ). + yI>,)/(0,0) 
+ i (xD. + yD,yf (0,0) + ± (xD. + yD,yf (0,0) + 

+ -L (xD, + yD,)''f(0,0) + —1— (xD, + yD,)'^^f(0x,ey), 
til {n-f-l)l 

which is Maclaurin's Theorem for two variables. 

Example. 
Transform Aa^ + Bxy -f by* -^Dx + Ey-j- F=s 
to (xo^yo) as a new origui, the formulas for transformation being 
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Call our given equation /(x,y) ; we wish to develop 
f(x9 + x\yo + y'). 
/{x, + aj-.y, + y') =/(a%,y,) + («'!>,,+ y'Dg^ix^y^) 

D.fix,y) ^iAx + By + D, 

A/(».y) ^Bx + 2Cy + E, 

D*A^,y)^2A, 

D,D,f(x,y)=B, 

D*f(x,y) = 2C', 

all higher derivatiTes are 0. 

/ix, + af,yt + y') = Axt* + Bxoyt+Cyt* + Dxt + Ey9 + F 
+ (2Axo + By^ + D)x'-\- (Bx^ + 20yt + E)y' 

+ Jxf* + Bxy+ Oy", a familiar result. 

219. By like reasoning, Taylor's Theorem can be extended to 
Amotions of more than two variables. For three variables it 
becomes 

Ax + h,y + k,z + 1) ='f{x,y,z) + (hD, + IcD, + lD.)f{x,y,») 
+ ± {hD, + kD, + lD.yf{x,y,z) 

+ i^ {hD. + kD, + lD.yf(x,y,z) + 

+ T-T-TTT (AX>. + kD, + lD,)-+'f{x + eh,y + ek^ + et). 
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Example. 
Transform a:*+y* + 2* — 4aj + 6y — 22;— 11= 
to the new origin (2,— 3,1)* ^««. oi? + y^ + s?^25. 

EtUefa Theorem for Homogeneous Functions, 

220. A homogeneous function of several variables is one of 
such a nature that, if each variable be multiplied by some con- 
stant, the function is multiplied by a power of that constant. 
The order of the function is the power of the constant by which 
it is multiplied. 

For example : «* + ajy — y* is homogeneous of the second or- 
der ; for, if we change x into kx and y into ky^ our function 
becomes lf(pf -{-xy — if)^ and is multiplied by the second power 

of k. Sin ^:^^ is homogeneous of the zero order ; for, if we 
2x 

multiply X and y by k^ the function is unchanged ; that is, it is 
multiplied by Tfi. 

Let/(a?,y) be a homogeneous function of x and y\ then, no 
matter what the value of g, 

f{x +qx,y + qy) ^f{x,y) + q{xD, + yD,)f{x,y) 

but/(a; + ga?,y-fgy)=/[(l + g)»,(l + g)y] = (l + g)V(«,y) 
by the definition of a homogeneous function. 

Call fip^^y) = w^ and we have 

{l + qru^u+q{xD, + yD,)u + t{xD, + yD,yu 

+ t.{xD, + yD,yu + 
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As this equation must hold, no matter what the value of g, 
the coefficients of like powers of q in the two members of the 
equation must be the same. Equating them, we have 

(«!), + y2>y)u = ntt, 

(ajZ>, + yi),)«w = n(n-l)u, 

(ajD. + y2>,)»t* = n(n-l)(n-2)tt, 

(«A + yI>r)"'w = w(n-l)(n-2) (n-m + l)tt; 

and these equations are Euler's Theorem. 

Examples. 
Verif); Enter's Theorem for second and third derivatives when 

u as a^ + w* and when u = sin"* ??. 

X 
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CHAPTER XVI. 

MAXIMA AND BONTMA OF FUNCTIONS OF TWO OB MORE 
VARIABLES. 

221. K we have a ftmetion of two variables w=/(a;,y), and 
/(«b + ^9yo + ^)— /(^iyo)<0 for small values of h and A:, no 
matter what the signs and relative magnitudes of these values, 
u is a maximum for the values x^^yo of x and y. If /(a?o + h ,yo + k) 
—f(xQyo)>0 under these same circumstances, m is a minimum. 
By Taylor's Theorem, 

f(xo + h,yo + k) -/(a^,i/o) = (^A + ^J>,) A^.yo) 

+ i- (hD, + kD,yf{xo + eh,yo + ek) . 

it I 

K we take the values of li and k suflSciently small, we can always 

make i (A2>. + A:2>,) V(a^ + ^^lyo + ^A:)< (/iD, + A:2),) /(a^o , yo) , 
and then the sign of the second member will be the sign of 
(A2>, + A:2),)/(a^,yo); that is, of UDx u^-^-kBy u^^ which evi- 
dently depends upon the signs of h and k. In order, then, that 
the sign of /(irb + ^i^o + ^) — /(^^^o) should be constant, — that 
is, in order that for x^^y^^ u should be either a maximum or a 
minimum, — the terms hD^u + kD^u must disappear, no matter 
what the values of h and A: ; or, in other words, D^ Uq and Dp^u^ 
must both equal 0. We get, then, as essential to the existence 
of either a maximum or a minimum, the conditions 

for the values of x and y in question. 
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222. Carrying the development a step farther, and assuming 
that Dx Uq and Dy i/q are zero, 

/(aJb + hVo + ^) -/(aV),3^o) = ^ (^A + kD,yf{x,,y,) 

+ i^ (hD, + kD,yf{xo + eh,yo + 0k) . 

As before, it is evident that for small values of h and k, the 
sign of the whole second member will be that of the terms 
i (h^Dxluo + 2hkDx^Dy^ «o + *^ -^yj^) • ^^ ^s investigate this 
carefully. 

Let A = Z>a?Jt^, 

B^DxDy^y^, 

C^Dy\y^, 

our parenthesis becomes Ah^ + 2Bhk + CV ; and for a maximum 
or minimum the sign of this must be independent of the signs 
and values of h and k. 

Ah^ + 2Bhk+Cl(?^^{An^+2ABhk-\-ACli?), 

= \ {A*h* + 2ABhk + B»*« - S«fe* + Am?) , 

= \[{Ah + Blcy-\-{AC-JE?)ie^. 

{Ah + Bky and 1^ are necessarily positive. If -4(7— & is also 
positive, the sign of the whole expression will be independent 
of h and A;, and will be positive if A is positive, and negative if 

A is negative. K AC — .ff = 0, the result is the same ; 

but if -4C— IB? is negative, the sign of the parenthesis will de- 
pend upon the sign and relative values of h and Ac, and we shall 
have neither a maximum nor a minimum. 
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223. To sum up : — 



If 






If 



Z>arJtioZ>yJuo-(I>x,I>y^Uo)*= or>0 
Dxlth<0 

2>arJ «o>0 



i/o IS a maximum. 



t£o IS a mmimum. 



Examples. 

224. (1) To find a point so situated that the sum of the 
squares of its distances from the three vertices of a given tri- 
angle shall be a minimum. Let (0^1,^1) , (a^,^s) ) {^^Vz) ^ ^^ 
given vertices, and (x,y) the required point. 

u^{x^x,y + {y^y,y + (x--x,y + {y--y,y 

+ (x--x,y-h(y^y,y 

is the function which we must make a minimum. 

D.w = 2(0? - Oh) + 2(a? - 0^) + 2(0? - a!ij) , 

A^ = 2(y-y0 + 2(y-y,)-|.2(y-y3), 

A*w = 2-|-2-|-2=:6 = ^, 

A2)^w = 0=:5, 

2>/w=2 + 2 + 2=6=C7. 

We must make D,u and D^u both equal to zero. 
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2(a? - a?i) + 2(aj - ajj) -I- 2(aj - a^) = 0, 

^_ Xi + X^ + X^ 

y- 8 — ' 

^O-JP = 36-.0>0, 
^ = 6>0. 
Hence uia a. minlTniiTn when 

^^ x, + x, + x, ^^ yi + y» + y3 , 

3 ^3 

The required point is the centre of gravity of the triangle. 

(2) To inscribe in a circle a triangle of maximum perimeter. 
Join the centre with each vertex and with the middle point of 




each side. The angles between the three radii are bisected by 
the lines drawn to the middle points of the sides. Call these * 
half-angles ^i, ^j, 0^. 



a . ^ 

--^r=sin^i, 



a= 2rsin^i, 
b= 2rsin^8, 
c= 2?- sin ^3, 
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<?l + ^2+<?3=^, (1) 

p = a + b + c^ 2r(sin^i -f sin^j -f sin^s) 

is the fbnction we are to make a maximum, and is a fimction of 
two independent variables, say 6i and 0^ ; for we can regard 0^ as 
depending on 6i and 0^ through equation (1). As r is a con- 
stant, it will be enough to make 

u = sin ^1 + sin ^2 + ^^ h & maximum* 

DdyU =s cos^i -H cos^a^^i^s » 

for, since ^i + ^s + ^s = 'f > 

changing Ox without changing d^ will change B^, 

hence De^ u = cos 6i — cos ^3. 

D$^U = COS^,— cos ^89 

for />(,/,= -1, 

D^w ss — sin 01 — sin ^3, 
Db^Db^u^ — sin^s, 

Df^u^ — sin^s — s^^f 
Make D$^u = and Db^u = 0. 

COS^l — COS^jSkOI 

COS ^j— COS ^8=0 J 

^1 SS5 ^2 aas 0^^ 
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Substitute these values in 2>9^u, &c., and 

De\u = — 2sin^i = -4, - 
De^De^u = — sin 0^ = jB, 
I>eju=-2sin^i=<7, 
-4C-^ = 4sin*^i- sin*^i = 3sin*^i>0, 

^ s — 2 sin^i<0, and u is a maximum. 
Since 0^^0^=o^j 

and the required triangle is equilateral. 

(3) To inscribe in a circle a triangle of maximum area. 

Arts. The triangle is equilateral. 

225. Very often it is unnecessary to examine the second de- 
rivatiyes, as the nature of the problem enables one to determine 
whether the value of the variables obtained by writing the first 
derivatives equal to zero corresponds to maximum or Tnifiinfinni 
values of the function. 

ElLAMPLES. 

(1) Required the form of a parallelopiped of given volume 
and minimum surface. Ans. A cube. 

(2) Required the form of a parallelopiped of given surface 
and maximum volume. Ans. A cube. 

(3) An open cistern in the form of a parallelopiped is to be 
built, capable of containing a given volume of water, what must 
be its form that the expense of lining its interior surface may be 
a minimum? 

Ans, Length and breadth each double the depth. 
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CHAPTER XVIL 

THEORY OF PLANE CURVES, 

Concavity and Convexity. 

226. The words concavity and convexity are used in mathe- 
matics in their ordinary sense. A curve is concave toward the 
axis of X when it bends toward the axis ; convex, when it 
bends from the axis: that is, when in passing along the 
curve its inclination to the axis of X decreases, the curve 
is concave; when it increases, the curve is convex, sup- 
posing that the portion of the curve considered lies above the 
axis ; if it lies below the axis, the rule just given must be re- 
versed. We have seen that the tangent of this inclination, 

which we have called r, is equal to -^. If the curve is concave 

and above the axis, r decreases as we increase a;, tanr or -^ 

ax 

dPy 
decreases, and ^<0, by Art. 37. If the curve is convex, 

227. A point at which the curve is changing from convexity 
to concavity, or from concavity to convexity, is called a point 

of inflection. At such a point, --^ is changing fix)m a negative 

oar 

to a positive value, or from a positive to a negative value, and 
consequently must be passing through the value zero. To sum 

lip: if y=fx 

is the equation of a plane curve, at any point corresponding to 
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a value of x that makes ^<0, the curve is concave towards 

the axis of a?, if above the axis ; convex, if below. At any 

cPy 
point corresponding to a value of x that makes ^^0, the 

carve is convex towards the axis of x, if above the axis ; con- 
cave, if below. Any point corresponding to a value of x that 

makes ^ = 

dor 

is in general a point of inflection. 
We have seen that the curvature, 

-^ 



It is easily seen that at a point of inflection this value changes 
sign. 

228. These same tests for concavity, convexity, and inflec- 
tion can be very simply obtained by the aid of Taylor's Theorem. 

Let y =/a? 

be the equation of a curve, and let it be required to discover 
whether the curve is concave or convex toward the axis of X at 
the point corresponding to the value 

x = a. 

Draw a tangent at the point in question, and erect ordinates to 
the curve and to the tangent near the point of contact. 

It is evident that the ordinate of a point in the curve minus 
the ordinate of the corresponding point of the tangent must be 
negative on both sides of the point of contact, if the curve is 
concave^ and positive on both sides of the point of contact, if the 
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curve is convex. If the point is a point of inflection^ this differ 
ence will have opposite signs on different sides of the point. 




CONVEX. 



INFLBCTION. 



The equation of the tangent at the point corresponding to 

x=a 

is y-/a=/'a(aj-a), by Art. 28, [1]. 

Let x^a-^-h 

in the equations of curve and tangent, and call the corresponding 
values of y^ pi and y^ ; then 

y2=f(i + h/'a. 

yi^fa-hhfa-i^^ra'h^ria + eh), 
by Taylor's Theorem. 



yi-y2 = ~ra + ^J"'{a + 0h) 



sr 



Iff a does not equal zero, h may be taken so small that the 

7,2 

sign of yi — y, will be the sign of — f"a. 

If /"a is positive this sign is positive whether h is positive or 
negative, and the curve is convex. If /"a is negative, yi — y^ is 
negative both before and after x:=a^ and the curve is concave. 

If f"a = and f"'a does not vanish, the sign of yi — 2/2 will 
change as the sign of h changes, and we shall have si point of 
inflection. 
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229. For example, let us see whether the curve 
a^-hy«=25 
is convex or concave towards the axis of X at the point (3,4). 
2xdx-{'2ydy = 0. (1) 

2cb^ + 2dy'+2ycPy=^0. (2) 

From(l) dy^^^. 

Substitute in (2) , 2(W + ^^^ + 2yd^y = 0, 

2bd3i?-\-fd^y={i. 

^=-25^_.25 
d7? f U 

at the point (3,4); and the curve is concave. 
Again, let us se*e whether the curve 

y = x{x — a)* has points of inflectioa 
^=(a?-a)*-h4a:(x-a)S 



cPv 

^ = 8(a;-a)« + 12a;(aj-a)S 

—I = 36(aj - ay + 24a;(a; - a) , 



dx" 



= 36(aj-a)« + 24a;(i 

^ = 96(x--a) + 24a:. 



Write g = o. 
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and ve get 8(x — a)' -H12fl?(a? — a)' = 

or 2(a? — a)* + 3x{x — a)* - 0. 

One root is x = a; 

divide by {x — a)*, and 

2aj — 2a-|-3aj = 0. 

2a . ^, 

a; = — IS the remaining root. 

5 

If * = -r» 

o 

^ does not equal zero, and we get a point of inflection. 
If aj = a, 

da? ^' 

-^ does not equal zero, and the point is not a point of inflection. 
dar 

Examples. 

there is a point of inflection at the origin, and also when 
a?=±aV(3). 

Sa 
there is a point of inflection when a? = — . 

4 

(3) If a;» = logy, 

there is a point of inflection when x = 8. 
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(4) If 



xy = aHog-, 



there is a point of inflection when x = ael. 

Singular Points. 

230. Singular points of a curve are points possessing some 
peculiarity independent of the position of the axes. Such points 
are, — 

1. Points of inflection (Art. 228); 

2. Multiple points ; 

3. Cusps; 

4. Conjugate points ; 

5. Points d'arr^t ; 

6. Points saillant. 

231. (2) A mtiltiple point is one through which two or more 
branches of the ciure pass. If only two branches pass through 




CXD 




DOUBLE POINT. OSCULATING POINT. 



CUSP. 



CUSP. 





CONJUQATB POINT. 



POINT D'ARR^T. 



POINT SAILLANT. 



the point, it is a douMe point. A double point at which the 
branches of the curve are tangent is an osculating point. 

(3) An osculating point where both branches of the curve 
stop is a cusp. 

(4) An isolated point of a curve is a conjugate point. 
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(5) A point at which a single branch of a curve suddenly stops 
is a point d'arrH. 

(6) A double point at which the two branches of the curve 
stop without being tangent to each other is a point saillant. 

Multiple Points. 

232. At a multiple point, the curve will in general have more 

than one tangent, and therefore ^ will have more than one value. 

dx 

Let ^ = 

be the equation of the curve in rational algebraic form. 

dy^ -Ay 
dx Dyfp 

by Art. 202. For any given values of x and y , Z>, 9 and D^ <p will 
have each a definite value, as they are rational polynomials ; and 

-^ will have but one value, unless D^fp and Dy<p are both zero, 
dx 

in which case -r^ = x? and is indeterminate : 

dx 

hence, our fundamental condition for the existence of a multiple 

point is 2>a.9? = and 2)^^ = 0. 

To determine ^ in that case, we differentiate numerator and 
dx 

denominator, ^= —. (1) 

Clearing of fractions gives us 

I>.''^(^ij+^I>.D,,^£^D:,^0. (2) 
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a quadratic to determine -J^. Unless (1) is still indeterminate, 
dx 

that is, unless 2>,'f , D^D^<p^ and D^<p are all zero, we get two 

values of -?^, and the point is a dottble point, 
dx 

If ^18 stm indeterminate, we differentiate (1) again, and get 
ax 

to determine ^. We have then three tangents at the point, 
dx 

wUich is a triple point. 

283. If the values of ^ obtained from Art. 232 (2) are equal, 

the two tangents at the double point coincide, and the point is 
an osculating point or a cusp; and we cannot tell which except 
by actually tracing the curve in the neighborhood of the point. 

If the two values of -^ are imaginar}', no tangent can be 

OnJC 

drawn at the point, which is then a conjugate point. 

A point d'arr4t or a point saillant can be discovered only by 
inspection when attempting to trace the curve ; they occur only 
in transcendental curves. 

Example. 
234. To investigate the existence of multiple points in the 
curve a^ — a^x^ + a^y- = 0. 

D,ip==43^-2a^Xy 

2>y^ = 2a2y, 
D.V = 12a?*-2a*. 
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D^f and D^^ must equal zero. 

4ar^~2a*a? = 

if a? = orif a?=±— ^. 

V(2) 

2a*y=0ify = 0; 
hence a; must equal zero, and y equal 0, 
or a. = ±_JL^ and y = 0; 

but [ ± — j^fi) is not a point of the curve ; therefore we need 
consider only (0,0) . In this case, 

2).V=-2oS 

D/sp = 2a*, 

and the origin is a double point of the curve, the two branches 
making with the axis of X angles of 45° and 135° respectively. 
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Example. 


235. 


Consider 




D.,p = 3a!», 
D,y=-2y, 

D,V=-2. 


Make 




a** 


=s and —2y = 0. 


We get 






*~ as the only point we need 
y _ J consider here. 


In this 


case, 




2).V = 0, 
D,V=-2. 



^ = ±0. 
dx 

The values of -i( are equal, and the origin is an osculating pointy 
dx 

both branches being there tangent to the axis of X. 

Since 3^ = a^, 

it is easily seen that the curve lies to the right, and not to the 
left, of the origin, which is therefore a ai^. 
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Example. 
236. &r*-a^4- av^ = 0. 

2>.V = 26-6a;, 

26a?-3iB* = 
2ay = 0. 



is to be considered. 

y=ol 



At this point, D^ <p = 26, 



2a 



2>,V = 2a, 

\dx) a 



If 6 and a have the same sign, -^ is imaginary, and the origin 

dx 

is a conjugate point; a result that can be easih' verified bj- ex- 
amining the equation. 

EXABIPLES. 

(1) Show that the curve y =ajlogar has a point d'arr^t at the 
origin. 
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(2) Show that the curve y = has a point saillant at the 

origin, and find the dii*ectious of the tangents at that point. 

(3) Show that (y — «)* = «* and (y — oj*)* = of have cusps at 
the origin. 

(4) Show that (xy-f l)*+(a-l)»(a;- 2) = has a cusp at 
the point x* = 1 . 

(5) Show that O/"* — oa^y — cu»y* + a*y*=0 has a conjugate 
point at the origin. 

(6) Find the singular points in the following curves : — 

(y + x + l)« = (l-x)*; 
y* — aay + a^ = 0; 

y* -f- ary' + v?{a>x — 6y) = 0. 

Contact of Curves. 

237. Let y—fx and y^Fx 

be the equations of two curves. If 

fa^Fa, 

the curves intersect at the point whose abscissa is a. If, in 

addition , F' a =/' a, 

the tangents at this point of intersection coincide, and the curves 
are said to have contact at the point in question. If 

/a = Fa, F^a=fa, and i?'"a=/"a, 
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the curves have contact of the second order at tiie point. If 

Fa=/a, F'a^fa, jF'"a=/"a, etc., -F<">a=/(">a, 

the corves are said to have contact of the nth order at the point 
whose abscissa is a. 
Contact of a higher order than the first is called osculation. 

238. The difference between the ordinates of points of the 
two curves having the same abscissa and infinitely near the 
point of contact, is an infinitesimal of an order one higher thaa 
the order of contact of the curves. 

Let x==a + Jx, 

yi=/(a+^»)» 
and yi^F(a + Ax), 

y,^fa+Axfa + i^ra + +i^/<->a 

(« + !)•' 

y, = Fa + JxF'a + i^ F»a + + 1^ F^'^a 

2 ! n I 

(n + 1)! 
If the curves have contact of the nth order, 
Fa ^fa, 
F'a^fa, etc., F^^^a^p^'^a. 

yi-y^^ r^$wi [/^"^'Ha + ^^»)- F<-+^>(a+^'Ja:)],. 
(n-hl)! 
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which is infinitesimal of the (n +l)st order, if Ax is an infini- 
tesimal. It follows, then, that the order of contact indicates 
the closeness of the contact ; that is, the higher the order of 
contact of two curves, the less rapidly they recede from each 
other as they depail; from the point of contact. 

239 . Let it be requii ed to find the equation of the circle having 
contact of the second order with the curve 

y ssfx at the point (aji,yi) . 

Leteib and b be the coordinates of the centre, and r the radius 
of the required circle. Call (X, T) any point of the required 
circle, then its equation is 

(X-a)» + (r-6)» = i^. 
By our conditions, ffT) =/^^^ 



but 



VdxVx=xA<^A=x,' 

dY_ X-a 
dX r-6' 

\dXjx=xiyi-b' 

cPY _ -r« 
dX* (F-fr)"' 

fiPT\ -r* 



hence ^^^-^^ 



(; 
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From these equations, and 

we can get the required values of a, 6, and r. 
Dropping accents, for the sake of simplicity, 

w/ 

substitutiog in (« — o)* + (y — 6)' = >•*, 



^1 i^ w 



r=±' 






which is the familiar value of the radius of curvature of 

y=fx 

at the point (x,y). Hence, our osculating circle is that circle 
having contact of the second order with the given curve at the 
point in question. 
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Examples. 
(1) In the curve y = aj* — 4a' — 18a?, 
show that the radius of curvature at the origin is ^, 



(2) Find the parabola whose axis is parallel to the axis of 
", which has the closest 
at the point where x = a 



a? 
Yy which has the closest possible contact with the curve ^ = — , 

Or 



^- ('-t)'=f(»-i> 



(3) Prove that, if the order of contact of two curves is even, 
they cross each other at the point of contact ; if odd, they do 
not cross. 

Envelopa. 

240. If the equation of a curve contain an undetermined 
constant, to different values of this constant will correspond 
different curves of a series. Such an equation is said to contain 
a variable parameter ^ the name being applied to a quantity which 
is constant for any one curve of a series, but varies in changing 
from one curve to another. For example : in the equation 

let a be a variable parameter ; then the equation represents a 
series of circles, all having the radius r, and all having their 
centres on the axis of X. 

A curve tangent to each of such a series of curves is called an 
envelop. 

241. Two curves of such a series corresponding to two differ- 
ent values of the parameter will in general intersect. If they are 
made to approach each other indefinitely, by bringing the two 
values of the parameter nearer together, their point of intersec- 
tion will evidently approach the enveloping curve, which then 
may be regarded as the locus of the limiting position of a point 
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of intersection of any two curves of the series as the curves are 
made to indefinitely approach. From this point of view the 
equation of an envelop is easily obtained. 

Let f(x,y,a) = (1) 

be the given equation of the series of curves, a being a variable 

parameter. fi^^y^^ + ^o) = (2) 

will be any second curve of the series. The equation 

/(«,y ,a + Aa) -f^X^y^a) = (3) 

represents some curve passing through all the points of intersec- 
tion of (1) and (2) by the principle in Analytic Greometry : " If 
tt = and V = are the equations of two curves, u + kv=iO rep- 
resents a curve containing all their points of intersection, and 
having no other point in common with them." 

f{x,y,a -h Jfl) -f{x,y,a) _ 
Aa """ 

is equivalent to (3) . If, now, Ja be decreased indefinitely, 



imit r /(«iyi« + ^«) ~/(a?,y,a) 1 _ 
a=0L Ja J "' 



limit 
J 



or />«/(a?,y,a) = 0, (4) 

contains the limiting position of the point of intersection of (1) 
and (2). Let {x\y*) be this point, and therefore any point of 
the required locus. Since (aj',y) is on (4), and also on (1), 

Daf(x\y\a) = and /(a;',y,a) = 0; 

we can eliminate a between these equations, and we shall have 
a single equation between x' and y*, which will be the equation 
of the required envelop. 
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242. For example : let us find the envelop of 

(x-^ay + f^,^^0, (1) 

a being a variable parameter. 

D./=-2(«-a) = 0. 

a;-a = 0. (2) 

Eliminating a between (1) and (2), we get 

the equation of a pair of straight lines parallel to the axis of X, 
as the required envelop. 

243. When dealing with the properties of evolutes, we proved 
that every normal to the original curve must be tangent to the 
evolute. We ought, then, to be able to find the evolute of any 
curve by treating it as the envelop of the normals of the curve. 

Let y =fx 

be the equation of the original curve 

is the equation of the normal, or 

'yo) + X'-Xo^O. (1) 

Xq is the variable parameter, 

y=»yoH — -= — ' 



(©<'-' 
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dxo\_ 



XssXq- 



#o["i^/dSgY" 



(too' 



but yo=>o, 

and we must eliminate Xq and yo^ by the aid of these three equa- 
tions, to obtain the equation of the evolute. These equations 
are the ones obtained by a different method in Ai*t. 93. 



Examples. 

(1) Find the envelop of all ellipses having constant area, the 
axes being coincident. 

Result. A pair of equilateral hyperbolas. 

(2) A straight line of given length moves with its extremities 
on the two axes, required its envelop. Result. a;t -f yt = at. 

(3) Find the envelop of straight lines drawn perpendicular to 
the normals to a parabola j/* = 4aaj at the points where they cut 
the axis. Result, y^ = 4a (2a — x) . 

(4) Circles are described on the double ordinates of a parab- 
ola as diameters. Show that their envelop is an equal parabola. 

(5) Find the envelop of all ellipses having the same centre, 
and in which the straight line joining the ends of the axes is of 
constant length. Result. x±y=:±c. 

(6) Show that the envelop of a circle on the focal radius of an 
ellipse as diameter is the circle on the major axis. 
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Analytic Geometry. 

By Q. A. Wemtworth. Bevised edition, 12mo. Half morocco, 
xii + 301 pages. Mailing price, $1.35 ; for introduction, $1.25. 

rpHE aim of this work is to present the elementary parts of the 

subject in the best form for class-room use. 

The connection between a locus and its equation is made per- 
fectly clear in the opening chapter. 

The exercises are well graded, and designed to secure the best 
mental training. By adding a supplement to each chapter, the 
author has made provision for a shorter or more extended course, 
as the time given to the subject will permit. 

Daaoom Greene, Prof, of Mathe^ 
matica and Astronomy, Rensselaer 
Polytechnic Institute, Troy, N.Y,: 
It appears to be admirably adapted 
to the use of beginners, and is espe- 
cially rich in examples for practical 
application of the principles of each 
chapter. The full and clear explar 
nation of first principles given in the 
opening chapter is a new and highly 
commendable feature of the work. 



S. MiUer, Prof, of Mathematics, 
University of Kansas, Lawrence: 
As a book for beginners, it is admi- 
rable in all its arrangements and 
features. The great number of 
problems scattered through it will 
largely relieve it of that 'abstract 
analysis which is so often a terror 
to students. The book is, like the 
other works of Professor Wentworth, 
a good thing. 



Elementary Mathematical Tables. 

By Alexander Macfarlane, D.Sc., LXi.D., Professor of Physics in 
the University of Texas. 8vo. Cloth, iv -(- 106 pages. Mailing price, 
85 cents ; for introduction, 75 cents. 

nPHESE tables are mostly four-place ; they have a uniform 
decimal arrangement, and have been made every way con- 
venient and adequate. 

J. B. Colt, Prof, of Mathematics, 
Boston University, Boston, Mass,: 
They are surely worthy of very high 
commendation. I am impressed 
with the amount of valuable material 

The Algebra of Logic. 

With examples. By Alexander Macfarlane, Professor of Physics 
in the University of Texas. 12mo. Cloth. Illustrated with diagrams. 
X + 1^ pages. By mail, $1.36 ; for introduction, $1.25. The principles 
of the Algebra of Quality investigated and compared with the principlea 
of the Algebra of Quantity. 

Westminster Beview, London : It will find eager and attentive readers* 



and the elegant arrangement. The 
book is excellently adapted for use 
in every form of computation where 
the more elaborate tables are not 
demanded. {Jan, 15, 1890.) 
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A Treatise on Plane Surveying. 

By Daniel Carhabt, C.E., Professor of Giyil Engineering in the West- 
em University of Pennsylvania, Allegheny. Illustrated. 8vo. Half 
leather, zvii + 498 pages. Mailing price, $2.00; for introdactioni $1.80. 

nnHIS work covers the whole ground of Plane Surveying. It 
illustrates and describes the instruments employed, their ad- 
justments and uses ; it exemplifies the best methods of solving the 
ordinary problems occurring in practice, and furnishes solutions 
for many special cases which not infrequently present themselves. 
It is the result of twenty years' experience in the field and in tech- 
nical schools, and the aim has been to make it extremely practical. 



W. A. Moody, Prof, of Mathemat- 
ics, Bowdoin College : 1 consider the 
book exceptionally fine in execution, 
subject-matter, and arrangement. 



Wm. Hoover, Prof, of Mathe- 
matics, Ohio University: It is in- 
deed a superior work, and merits 
the widest adoption. 



A Field Book for Civil Engineers. 

Department of Special Pnblloatlon. — By Daniel Carhabt, C.E., 
Dean and Professor of Civil Engineering, Western University of Penn- 
sylvania. 4|x7 inches. Flexible morocco, xii + 282 pages. Retail 
price, $2.50; for introduction, $2.00. 

nnHIS book sbows how to locate a railroad ; it gives the organ- 
ization and describes the outfit of the transit, level, and topo- 
graphic parties ; it indicates the work of the construction corps ; 
tells how slope stakes are set ; culverts, trestles, and tunnels staked 
out ; quantities calculated ; and frogs, switches, and wyes located. 
About one hundred. diagi*ams aid in explaining the formulas, and 
numerous examples of a practical character supplement these. It 
contains, among many others, tables of all the natural trigono- 
metric functions. It is written for students of civil engineering, 
and to satisfy the demand of field engineers for a manual con- 
venient in size, containing the desired information, systematic- 
ally arranged, fully illustrated, and easy of reference. 



Engineering News: We are dis- 
posed to regard this book on the 
whole as among the very best field 
manuals which exist. 

ThOB. Bodd, Chief Engineer, 



Pennsylvania R.R, Co., Pittsburg: 
I have gone over Carhart's Field 
Book with care, and think it a valu- 
able contribution to railroad engi- 
neering. 
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Hiirs Geometry for Beginners. 

By G. A. Hill, A.M. 12ino. Cloth. 320 pages. Mailing price, $1.10; 
for introduction, $1.00. Answers^ in pcanphlet formf can he had by 
teachers, 

rpHIS book presents the subject in the natural method as distin- 
guished from the formal method of Euclid, Legendre, and the 
common texirbooks. The central purpose is intellectual training, 
or, teaching by practice how to think correctly and continuously. 



W, S. Byerly, Prof, of Mathe- 
matics, Harvard University : I do not 
see how the part devoted to plane 
geometry could be improved. 

John Trowbridge, Professor -of 
Physics, Harvard University: If I 



had been taught geometry in the 
manner set forth by Mr. Hill, I should 
have been saved at least six years of 
blundering effort in endeavoring to 
grasp the subject of geometry from 
set propositions. 



Hill's Lessons in Geometry. 



For the Use of Beginners. By G. A. Hill, AM., author of the Geometry 
for Beginners. 12mo. Cloth. 190 pages. Mailing price, 76 cents ; for 
introduction, 70 cents. Answers, in pamphlet form, can be had by 
teachers, 

rpHIS is a course similar to that given in the Geometry for Begin- 
ners, but it is shorter and easier, and does not require a knowl- 
edge of the metric system. Like the Geometry for Beginners this is 
especially commended to those who cannot pursue the study far 
but desire the discipline of geometry. 

C. C. Bounds, Prin, State Normal 
School, Plymouth, NJI. : For giving 
to students who have never studied 
geometry a real and living knowl- 
edge of the subject and a command 
of its more important applications, 
I know of no book equal to this. 



0. P. Morgan, Prin, High School, 
Waterville, Minn,: My class of 
twelve passed a better examination 
on questions submitted by the High 
School Board, after sixteen weeks 
study, than those pupils who had 
studied *s twice as long. 



Hill's Drawing Case. 



Prepared expressly to accompany Hill's Lessons in Oeometry, and con- 
taining, in a neat wooden box, a sevenrinch rule with a scale of milli- 
meters ; pencil compasses, with pencil and rubber ; a triangle ; and a 
protractor. Retail price, 40 cents ; for introduction, SO cents. 
A specimen copy of the Lessons in Greometry with the Drawing Case 
will be sent, postpaid, to any teacher on receipt of $1.00. 
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Mensuration. 

By Wm. S. Hall, G.E., E.M., M.S., Adjunct Professor in Lafayette 
Golleffe. 12mo. Cloth, vii + G2 pages. Mailing price, 65 cents ; for 
introduction, 50 cents. 

nnniS work is designed to meet the requirements of an under- 
graduate college course. It presupposes an elementary 
knowledge of Algebra, Geometry, and Trigonometry. It is 
intended as a text>book for class-room use. It contains more 
than is given in connection with Trigonometry in some of the 
older text-books, and yet is sufficiently brief for convenient use. 
Together with what is usually given in elementary Mensuration, 
Circular Measure, Area by coordinates, and the Prismoidal 
formula are treated of, and a good list of examples for practice 
is added. 



Business Book-Keeping. 



By Qborob E. Gay, Principal of the High School, Maiden, Mass. 

Qnarto. Cloth. Printed in red and black, with illustrations and finely 

engraved script. 

Siuffle Entry (Grammar School edition). Qnarto. x + 93 pages. 

Mailing price, 75 cents ; for introduction, 66 cents. 

Double EntzV. Quarto, xii + 142 pages. Mailing price, $1.26; for 

introduction, $1.12. 

Complete (High School edition). Quarto, zii + 226 pages. Mailing 

price, $1.55 ; for introduction, $1.40. 

Blanks, money, and merchandise are provided. Send for full descriptive 

circular. 

n^HIS work is the result of the author's long and successful 
experience as a teacher of book-keeping in private and 
public schools. 

It may be described in a word as a concise, teachable manual 
of the modem methods of recording business transactions. Just 
as much discipline may be secured by following Gay's method, 
and more of interest and practical results. 



C. A. & 7. H. Burdett, Prin, of 
BwrdetVa Business College, Boston^ 
Mass, : We find it a most practical 
work, the subjects all following in 
natural sequence. Mr. Gray has the 
happy faculty of presenting modem 
book-keeping in a great variety of 
transactions and current forms. 



^i 



Edward B. Shaw, Prof, of Peda- 
ygy in the University of the City of 
''ew York : After an examination of 
Gay's High School Book-Keeping, I 
can say that I regard it the best text- 
book on the subject for school use. 
It is thoroughly up to date, and there 
has been great need of such a book. 
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The Method of Least Squares. 

With Numerical Examples of its Application. By Gbobob O. Com- 
STOCK, Professor of Astronomy in the University of Wisconsin, and 
Director of the Washburn Observatory. 8vo. Cloth. viii + 68 pages. 
Mailing price, $1.05; for introduction, $1.00. 

College Requirements in Algebra: a Fmai Review. 

By Qbobob Pabsons Tibbets, A.M., Instructor in Mathematics, 
Williston Seminary. 12mo. Cloth. 46 pages. By mail, 55 cents ; to 
teachers and for introduction, 50 cents. 

Tj^KOM a -wide collection of college papers about 400 examples, 
illustrating nearly every principle in Algebra, were selected 
and carefully arranged by subjects. 

Peirce's Elements of Logarithms. 

With an explanation of the author's Three and Four Place Tables. By 
Professor Jambs Mills Pbibcb, of Harvard University. 12mo. Cloth. 
80 pages. Mailing price, 55 cents : for introduction, 50 cents. 

Mathematical Tables Chiefly to Four Figures. 

With full explanations. By Professor Jambs Mills Pbibcb, of Har- 
vard University. 12mo. Cloth. Mailing price, 45 cents; for intro- 
duction, 40 cents. 

Elements of the Difterential Calculus. 

With numerous Examples and Applications. Designed for Use as a 
College Text>.Book. By W. E. Byebly, Professor of Mathematics, 
Harvard University. 8vo. 273 pages. Mailing price, $2.15 ; for intro- 
duction, $2.00. 

rpHE peculiarities of this treatise are the rigorous use of the 
Doctrine of Limits, as a foundation of the subject, and as 
preliminary to the adoption of the more direct and practically 
convenient infinitesimal notation and nomenclature ; the early 
introduction of a few simple formulas and methods for integrat- 
ing ; a rather elaborate treatment of the use of infinitesimals in 
pure geometry ; and the attempt to excite and keep up the interest 
of the student by bringing in throughout the whole book, and not 
merely at the end, numerous applications to practical problems in 
geometry and mechanics. 
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Elements of the Integral Calculus. 

Second Edition, revised and enlarged. By W. E. Bybrly, Professor 
of Mathematics in Harvard University. 8vo. xvi + 383 pages. Mail- 
ing price, $2.15 ; for introduction, $2.00. 

nnHIS work contains, in addition to the subjects usually treated 
in a text-book on the Integral Calculus, an introduction to 
Elliptic Integrals and Elliptic Functions ; the Elements of the 
Theory of Functions ; a Key to the Solution of Differential Equa- 
tions ; and a Table of Integrals. 



John E. Clark, Prof, of Mathe- 
maticSf Shield Scientijic School of 
Yale University: The additions to 
the present edition seem to me most 
jadicious and to greatly enhance its 



value for the purposes of university 
instruction, for which in several im- 
portant respects it seems to me better 
adapted than any other American 
text-book on the subject. 



An Elementary Treatise on Fourier's Series, 

and Spherical, Cylindrical, and Sllipsoidal Harmonics, with Appli- 
cations to Problems in Mathematical Physics. 

By William E. Byerly, Ph.D., Professor of Mathematics, Harvard 
University. 8vo. Cloth, x + 288 pages. Mailing price, $3.15 ; for 
introduction, $3.00. 

nPHIS book is intended as an introduction to the treatment of 

some of the important Linear Partial Differential Equations 

which lie at the foundation of modern theories in physics, and 

deals mainly with the methods of building up solutions of a 

differential equation from easily obtained particular solutions, in 

such a manner as to satisfy given initial conditions. 

John Perry, Technical College, 
Finsbun/f London, England: Byer- 
ly's book is one of the most useful 
books in existence. I have read it 
with great delight and I am happy 



to say that although it seemed to be' 
written expressly for me, one of my 
friends who is a great mathemati- 
cian, seems as delighted with it as I 
am myself. 



A Short Table of Integrals. Revised and Enlarged. 

Bjr B. O. Pkirce, Prof. Math., Harvard Univ. 32 pages. Mailing 
price, 16 cents. Bound also with Byerly's Calculus. 

Byerly' s Syllabi. 

Each, 8 or 12 pages, 10 cents. The series includes,— Plane Trigonom- 
etry, Plane Analytical Geometry, Plane Analytic Geometry {Advanced 
Course), Analytical Geometry of Three Dimensions, Modem Methods 
in Analytic Geometry, the Theory of Equations. 
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Directional Calculus. 

By £. W. Htdb, Professor of Mathematics in the University of Cincin- 
nati. 8vo. Cloth, adi + 247 pages, with blank leaves for notes. Price 
by mail, $2.15; for introdaction, $2.00. 

rpHIS work 'follows, in the main, the methods of Grassmann's 
AusdehnungsUhre, but deals only with space of two and three 
dimensions. The first two chapters which give the theory and 
fundamental ideas and processes of his method, will enable students 
to master the remaining chapters, containing applications to Plane 
and Solid Geometry and Mechanics ; or to read Grassmann's original 
works. A very elementary knowledge of Trigonometry, the Differ- 
ential Calculus and Determinants, will be sufficient as a preparation . 
for reading this book. 



Daniel Garhart, Prof, of Mathe- 
fnatic8, Western University of Penn- 
sylvania: I am pleased to note the 
snooess which has attended Professor 



Hyde's efforts to bring into moro 
popular form a branch of mathemat- 
ics which is at once so abbreviated in 
form and so comprehensive in results. 



Elements of the Differential and Integral Calculus. 

With Examples and Applications. By J. M. Taylor, Professor of 
Mathematics in Colgate Universitv. 8vo. Cloth. 249 pages. Mailing 
price, $l.d6; for introduction, $1.80. 

rpHE aim of this treatise is to present simply and concisely the 
fundamental problems of the Calculus, their solution, and more 
common applications. 

Many theorems are proved both by the method of rates and that 
of limits, and thus each is made to throw light upon the other. 
The chapter on differentiation is followed by one on direct integra- 
tion and its more important applications. Throughout the work 
there are numerous practical problems in Geometry and Mechanics, 
which serve to exhibit the power and use of the science, and to 
excite and keep alive the interest of the student. In February, 1891, 
Taylor's Calculus was found to be in use in about sixty colleges. 

The ITation, New York: In the 
first place, it is evidently a most 
carefully written book. . . . We are 



acquainted with no text>book of the 
Calculus which compresses so much 
matter into so few pages, and at the 
same time leaves the impression that 



all that is necessary has been said. 
In the second place, the number of 
carefully selected examples, both of 
those worked out in full in illustra- 
tion of the text, and of those left for 
the student to work out for himself, 
is extraordinary. 
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Elements of Solid Geometry. 

By Arthur Latham Baksr, Professor of Mathematics, University of 
Bochester. 12mo. Cloth, xii + 126 pages. Mailing price, 90 cents ; 
for introduction, 80 cents. 

n^HE distinctive features of this work are improved notation, 
tending to simplify the text and figures ; improved diagrams, 
particular attention being paid to the perspective of the figures ; 
clear presentation, each part of the discussion being presented 
under a distinct heading ; generalized conceptions, which is the 
principal feature of the work, the general theorems for the frustum 
of a pyramid being first worked out, and then the pyramid, cone, 
prism, and cylinder discussed as special cases of the pyramidal 
frustum and of the prismatoid. The essential imity of the sub- 
ject is constantly impressed upon the reader. 



Benjamin G. Brown, Professor of 
Mathematics in Tufts College : It is 
a most excellent book. I have never 



used a book for the first time with 
greater satisfaction. 



Elementary Co-ordinate Geometry. 

By W. B. Smith, Professor of Mathematics, Missouri State University. 
8vo. Cloth. 312 pages. Mailing price, $2.16 ; for introduction, $2.00. 

n^HIS book is spoken of as the most exhaustive work on the 
subject yet issued in America ; and in colleges where an easier 
text-book is required for the regular course, this will be found of 
great value for post-graduate study. 



Wm. 0. Peck, Prof, of Mathe- 
mcUics and Astronomy^ Columbia 
College: Its well compacted pages 



contain an immense amount of mat- 
ter, most admirably arranged. It is 
an excellent book. 



Theory of the Newtonian Potential Functions. 

By B. O. Pkibce, Professor of Mathematics and Physics, in Harvard 
Univ. Svo. Cloth. 154 pages. Mailing price, $1.60 ; for introd. $1.50. 

n^HIS book gives as briefly as is consistent with clearness so 
much of that theory as is needed before the study of standard 
works on Physics can be taken up with advantage. A brief treat- 
ment of Electrokinematics and many problems are included. 
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Academic Trigonometry: Plane and spherical. 



By T. M. Blaksleb. Ph.D. 

Moines Ck>llege, Iowa. 12md. Cloth. 



(Yale), Professor of Mathematics in Des 
„ . 10. Cloth. 33 pages. Mailing price, 30 

cents ; for introduction, 26 cents. 



rPHE Plane and Spherical portions are arranged on opposite pages. 

The memory is aided by analogies, and it is believed that the 

«ntire subject can be mastered in less time than is usually given to 

Plane Trigonometry alone, as the work contains but 29 pages of text- 

The Plane portion is compact, and complete in itself. 

Examples of Differential Equations. 

By Gborgb a. Osbobnb, Professor of Mathematics in the Massachu- 
setts Institute of Technology, Boston. 12mo. Cloth, yii + 60 pagesi 
Mailing Price, 60 cents; for introduction, 60 cents. 

A SERIES of nearly three hundred examples with answers, sys- 
'^ tematically arranged and grouped under the different cases, 
and accompanied by concise rules for the solution of each case. 

Selden J. Collin, Prof, of Astron- 1 ance is most timely, and it supplies 
omy, Lafayette College : Its appear- 1 a manifest want. 

Determinants. 

The Theory of Determinants: an Elementary Treatise. By Paul H. 
Hakus, B.S., recently Professor of Mathematics in the University of 
Colorado, now Assistant Professor, Harvard University. 8vo. Cloth, 
viii + 217 pages. Mailing price, $1.90 ; for introduction, $1.80. 

npHIS book is written especially for those who have had no pre- 
vious knowledge of the subject, and is therefore adapted to 
self-instruction as well as to the needs of the class-room. The 
subject is at first presented in a very simple manner. As the 
reader advances, less and less attention is given to details. 
Throughout the entire work it is the constant aim to arouse 
and enliven the reader's interest, by first showing how the various 
concepts have arisen naturally, and by giving such applications as 
can be presented without exceeding the limits of the treatise. 



William G. Peck, late Prof, of 
Mathematics, Columbia College^ 
N, Y. : A hasty glance convinces me 
that it is an improvement on Muir. 



T. W. Wright, Prof, of MaihemaU 
ics. Union Univ., Schenectady » N.T.s 
It fills admirably a vacancy in ouz 
mathematical literature, and is a 
very welcome addition indeed. 
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Analytic Geometry. 



By A. S. Hardt, Ph.D., Recently Professor of Mathematics in Dart- 
month College, and author of Elements of Quatemiom. 8vo. Cloth, 
ziy + 239 pages. Mailing price, $1.60; for introduction, $1.00. 

rpHIS work is designed for the student, not for the teacher. 
Particular attention has been given to those fundamental con- 
ceptions and processes which, in the author's experience, have been 
found to be sources of difficulty to the student in acquiring a grasp 
of the subject as a method of research. The limits of the work are 
fixed by the time usually devoted to Analytic Geometry in our 
college courses by those who are not to make a special study in 
mathematics. It is hoped that it will prove to be a text-book which 
the teacher will wish to use in his class-room, rather than a book of 
reference to be placed on his study shelf. 

Or«ii Boot, Professor of Mathemat- 
ics, Hamilton College: It meets quite 
fully my notion of a text for our 
classes. I have hesitated somewhat 
about introducing a generalized dis- 
cussion of the conic in required work. 
I have, however, read Mr. Hardy's 
discussion carefully twice; and it 
seems to me that a student who can 
get the subject at all can get that. 
It is my present purpose to use the 
work next year. 

John B. Clark. Professor of Math^ 
matics, Sheffield Scientific School of 
T<ile College : I need not hesitate to 
say, after even a cursory examina- 
tion, that it seems to me a very at- 
tractive book, as I anticipated it 



would be. It has evidently been pre- 
pared with real insight alike into the 
nature of the subject and the difficul- 
ties of beginners, and a very thought- 
ful regard to both; and I think its 
aims and characteristic features will 
meet with high approval. While 
leading the student to the usual use- 
ful results, the author happily takes 
especial pains to acquaint him with 
the character and spirit of analytical 
methods, and, so far as practicable, to 
help him acquire skill in using them. 
John B. French, Dean of College 
of Liberal Arts, Syracuse Univer' 
sity : It is a very excellent work, 
and well adapted to use in the reci- 
tation room. 



Elements of Quaternions. 



By A. S. Habdy, Ph.D., Recently Professor of Mathematics in Dart- 
mouth College. Second edition^ revised. Crown. 8vo. Cloth, viii 
+ 234 pages. Mailing price, $2.15 ; for introduction, $2.00. 

rPHE chief aim has been to meet the wants of beginners in l^e 

class-room, and it is believed that this work will be found 

superior in fitness for beginners in practical compass, in explana' 

tions and applications, and in adaptation to the methods of instrnc- 

tion common in this country. 
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Bf A. S. Habdt, Ph.D., Recently Professor of Mathematics In Dart- 
moath College. 8vo. Cloth. xi + 2d9 pages. Mailing price, $1.60; 
for introduction. $1.50. 

rpHIS text-book is based npon the method of rates. The object 
of the Differential Calculus is the measurement and comparison 
of rates of change when the change is not uniform. YHiether a 
quantity is or is not changing uniformly, however, its rate at any 
instant is determined essentially in the same manner, viz. : by let- 
ting it change at the rate it had at the instant in question and 
observing what this change is. It is this change which the Cal- 
culus enables us to determine, however complicated the law of 
variation may be. From the author's experience in presenting the 
Calculus to beginners, the method of rates gives the student a more 
intelligent, that is, a less mechanical, grasp of the problems within 
its scope than any other. No comparison has been made between 
this method and those of limits and of infinitesimals. This larger 
view of the Calculus is for special or advanced students, for which 
this work is not intended ; the space and time which would be 
required by such general comparison being devoted to the applica^ 
tions of the method adopted. 

Part I., Differential Calculus, occupies 166 pages. Part II., Inte^ 
gral Calculus, 73 pages. 



George B. Merriman, formerly 
Prof, of Mathem, and Astron, RvU 
gers College: 1 am glad to observe 
that Professor Hardy has adopted 
the method of rates in his new Calcu- 
lus, a logical and intelligent method, 
which avoids certain difficulties in- 
volved in the usual methods. 

J. B. Colt, Prof, of Mathematics, 
Boston University: It pleases me 
very much. The treatment of the 
first principles of Calculus by the 
method of rates is eminently clear. 
Its use next year is quite probable. 

Bllen Hayes, Prof of MathemaU 
icst Wellesley College : I have found 



it a pleasure to examine the book. 
It must commend itself in many 
respects to teachers of Calculus. 

W. B. McDaniel, Prof of Matke^ 
mxitics. Western Maryland College: 
Hardy's Calculus and Analytic Ge- 
ometry are certainly far better books 
for the college class-room than any 
others I know of. The feature oi 
both books is the directness with 
which the author gets right at the 
very fact that he intends to convey 
to the student, and the force of his 
presentation of the fact is greatly 
augmented by the excellent arrange- 
ment of t3rpe and other features of 
the mechanical make-up. 
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Elements of Plane Analytic Geometry. 

By John D. Runklb, Walker Profeasor of Mathematics in the ] 
chnsetts Institute of Technology, Boston. 8yo. Cloth, ii + 344 pages. 
Mailing Price, $225 ; for introduction, $2.00. 

TN this work, the author has had particularly in mind the needs 
of those students who can devote but a limited time to the 
subject, and yet must become quite familiar with at least its more 
elementary and fundamental part. For this reason, the earlier 
chapters are treated with somewhat more fulness than is usual. 
For some propositions, more than a single proof is given, and par- 
ticular care has been taken to illustrate and enforce all parts of 
the subject by a large number of numerical applications. In the 
matter of problems, only the simpler ones have been selected, and 
the number has in every case been proportioned to the time that 
the students will have to devote to them. In general, propositiona 
have been proved first with reference to rectangular axes. The 
determinant notation has not been used. 

Descriptive Geometry. 

By Linus Fauncb, Assistant Professor of Descriptive Geometry and 
Ijrawing in the Massachusetts Institute of Technology. 8vo. Cloth. 
M pages, with 16 lithographic plates, including 88 diagrams. Mailing 
Price, $1.36; for introduction, $li25. 

TN addition to the ordinary problems of Descriptive Geometry, 
this work includes a number of practical problems, such as 
might be met with by the draughtsman at any time, showing the 
application of the principles of Descriptive Geometry, a feature 
hitherto omitted in text-books on this subject. All of the prob- 
lems have been treated clearly and concisely. The author's sole 
aim has been to present a work of practical value, not only as a 
text-book for schools and colleges, but also for every draughtsman. 
The contents are: Chap. I., Elementary Principles ; Notation. 
Chap. U., Problems relating to the Point, Line, and Plane. Chap, 
ni., Principles and Problems relating to the Cylinder, Cone, and 
Double Curved Surfaces of Revolution. Chap. IV., Intersection of 
Planes and Solids, and the Development of Solids; Cylinders; 
Cones ; Double Curved Surfaces of Revolution ; Solids bounded by 
Plane Surfaces. Chap. V., Intersection of Solids. Chap. VI. Mia 
cellaneous Problems. 
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Wheeler's Plane and Spherical Trigonometry. 

By H. N. Wheblsb, A.M., fonnerly of Harvard University. 12mo. 
Cloth. 211 pages. Mailing price, $1.10; intzoduction, $1.00. Pierce's 
Mathematical Tables are incladed. 

rpHE special aim of the Plane Trigonometry is to give pupils a 
better idea of the trigonometric functions of obtuse angles 
than they could obtain from any book heretofore existing. 

In the treatment of Spherical Trigonometry special painfi has 
been taken to present applications to Geometry and Astronomy, 
and problems inyolving these applications. 

Adjustments of the Compass, Transit and Level. 

By A. V. Lanb, C.E., Ph.D., formerly Associate Professor of Mathe- 
matics, University of Texas, Austin. 12mo. Cloth, v 4- 43 pages. 
Mailing price, 33 cents; for introduction, 30 cents.' 

Principles of Elementary Algebra. 

By H. W. KmowiN, Teacher of Mathematics, Norwich Free Academy, 
^ Norwich, Conn. 12mo. Paper. ii + 41 pages. Mailing and introduction 
price, 20 cents. 

npHIS little book is intended as an outline of thorough oral 
instruction, an4 is all the <<text'' which the author has 
found it necessary to put into his pupils' hands. It should, of 
course, be accompanied by a good set of exercises and problems. 

Metrical Geometry. An Elementary Treatise on Mensuration. 

By Gbobgb Bkucb Halstbd, PhJ)., Professor of Mathematics, Univep- 
sity of Texas. Austin. 12mo. Cloth. 246 pages. Mailing price, $1.10; 
for introduction, $1.00. 

npniS work applies new principles and methods to simplify the 
measurement of lengths, angles, areas, and volumes. It is 
strictly demonstrative, but uses no Trigonometry, and is adapted 
to be taken up in connection with or following any elementary 
Geometry. A hundred illustrative examples are worked out in the 
course of the book, and at the end are five hundred carefully 
arranged and indexed exercises, using the metric system. 



MATHEMATICAL TEXT-BOOKS. 



Baker: 

Baldwin: 

Byerly: 



Elements of Solid Geometry.. 
Industrial Primary Arithmetic . 
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Carhart: 
Comstock: 
Fannce : 
Gay: 

HaU: 
Halsted: 
Eanus: 
Hardy: 

Hill: 
Krde: 
macfarlane 
Osborne: 



Differential Calculus, $2.00; Integral Calciilus ^ 2.00 

Fourier's Series aOO 

Field-Book, $2.50; Plane Surveying. 1.80 

Method of Least Squares ......!.... 1.00 

Descriptive Geometry 1.25 

Business Book-keeping: Single and Double Entry 1.40 

Single Entry, .66; Double Entry 1.12 

Mensuration.. .60 

Metrical Geometry. 1.00 

Determinants 1.80 

Quaternions, $2.00; Analytic Geometry 1.50 

Differential and Integral Calculus 1.50 

Geometry for Beginners, $1.00; Lessons in Geometry.... .70 

Directional Calculus 2.00 

Elementary Mathematical Tables .75 

Differential Equations 50 

Page: Fractions, .30 ; Teacher's Edition 30 

Peirce (B. 0.) : Newtonian Potential Function 1.50 

Peirce (J. M.) : Elements of Logarithms, .50; Mathematical Tables.... .40 
Prince : Arithmetic by Grade s : 

Books I.-Vm., each. 20 

Teacher's Manual 80 

Plane Analytic Geometry 2.00 

Coordinate Geometry 2.00 

Elements of the Calculus 1.80 

College Requii-ements in Algebra. 50 

Primary Arithmetic, .30; Elementary Arithmetic 30 

Grammar School Arithmetic 65 

First Steps in Algebra 60 

School Algebra. $1.12; Higher Algebra. 1.40 

College Algebra 1.50 

Elements of Algebra, $1.12; Complete Algebra 1.40 

New Plane Geometry 75 

New Plane and Solid Geometry 1.25 

Analytic Geometry : 1.25 

Plane Trigonometry and Tables 80 

Plane and Spherical Trigonometry. 75 

Trigonometry, Surveying, and Tables 1.25 

Trigonometry, Surveying, and Navigation 1.12 

Wentworth&Hill: High School Arithmetic 1.00 

Exercises m Arithmetic, .80; Answers 10 

Exercises in Algebra, .70; Answers 25 

Exercises in Greometry, .70 ; Examination Manual 50 

Five-place Log. and Trig. Tables (7 Tables) 50 

Five-place Log. and Trig. Tables (Complete Edition).... 1.00 

Wentworth, McLellan & Glashan : Algebraic Analysis IJGO 

Wentworth & Beed : First Steps in Number 30 

Teacher's Ed., Complete, MO ; Parts I., H., and HI., each, .30 
Wheeler : Plane and Spherical Trigonometry and Tables 1.00 



Bnnkle: 
Smith: 
Taylor : 
libbets: 
Wentworih 



Copies sent to Teachers for Examination^ with a view to Introduction, on 
receipt of Introductory Price* 
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